DIAMONDS ON TREES

OSVALDO GUZMAN AND CARLOS LOPEZ-CALLEJAS

ABsTrRACT. We generalize the diamond principle and its variants using the notion of stationarity in
trees introduced by Brodsky in [5] and [4]. In particular, we show that if T" is a nonspecial wi-tree,
then O = <, and if T' is a Suslin tree, then 1 <= {. We also prove that $* implies O (yield-
ing the consistency of {r) and establish the consistency of ={* 4 (VT nonspecial wi-tree (Or)).
Finally, we demonstrate that it is consistent with { that there exists a nonspecial wi-tree with
=1, introducing two forcing properties—o (S)-closed and strategically closed in models—which are
preserved under countable support iterations.

1. INTRODUCTION

In [35] and [36], Stevo Todorcevic introduced a new notion of stationarity for subsets of wy pa-
rameterized by an arbitrary nonspecial tree of height wy. He proved that such a tree T is special if
and only if there exists a regressive map f: T — T such that f~1({t}) is special for every t € T. This
notion was later used by Ari Brodsky in [4] and [5] to define a notion of nonstationarity for subsets of
T itself', rather than for subsets of its height wy. Thus, a subset X C T is nonstationary if and only
if there is a regressive map f: X — T such that f=1({t}) is special for all t € T.

Once the notion of stationarity is in place, it becomes natural to define diamond sequences on
trees. More precisely, one considers sequences of the form (D; | t € T), where for each node ¢t € T, the
set D, is a subset of {s € T' | s < t}. These sequences are required to guess every subset X C T in a
stationary way. We denote such sequences by $7. In this work, we study {r-sequences in depth and
explore the relationships between these and the usual diamond principles defined on wy.

Our main results include the following. We show that if 7" is an w;-tree that either has a cofinal
branch or is almost-Suslin (in particular, if T is Suslin), then {7 is equivalent to the classical diamond
principle {. This gives rise to the informal intuition that for Aronszajn trees, the thinner the tree, the
more {7 resembles <». On the other hand, we prove that o<, holds in ZFC. This gives rise to the
informal intuition that the more cofinal branches a tree T has, the more likely it is that {)z holds?.

We also prove that {* implies $r for every nonspecial and well-pruned wi-tree T'; in particular,
we prove an analogue of Kunen’s theorem stating that the principles ¢ and <~ are equivalent; then
we show that ¢* turns out to be strictly stronger than the principle asserting that {>7 holds for every

nonspecial w-tree T.

2020 Mathematics Subject Classification. 54A20, 03E02, 03E17, 54D80, 54D30.
Key words and phrases. Diamond sequence, wi-tree, Aronszjan tree, countable support iteration, elementary sub-
models .
1Brodsky’s motivation was to extend the well-known Balanced Baumgartner—Hajnal-Todorcevic Theorem to the
setting of trees.
2Curiously, the complete opposite is true for another diamond principle for trees, {>(T), studied in [20].
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We also establish the consistency of { together with the failure of {7 for some nonspecial Aron-
szajn tree T'. This is achieved by starting from a specific nonspecial Aronszajn tree in a model of V' = L,
and by showing that in a suitable forcing extension <) is preserved while {r is destroyed (without
specializing T'). Hence, for some Aronszajn trees {r lies strictly between ¢ and {*, demonstrating
that {7 is a genuinely new principle.

We view {p as an invariant for studying nonspecial wi-trees, in the sense that it behaves mono-
tonically between trees, that is, if there is a strictly increasing map f : S — T, then {g implies $r
(see part (ii) of Theorem 3.17). In other words, our study of {>r-sequences is not primarily aimed at
finding applications, but rather at using them as invariants to better understand the trees themselves.
Something that supports this paradigm for studying trees is that through {1 we can consider three
types of nonspecial trees of height wy: those for which {7 holds in ZFC (such as 2<“! (see Theorem
3.28)), those for which {$r is equivalent to the classical <» (such as Suslin trees; see Corollary 4.14), and
those for which {7 is strictly stronger than the classical <» (such as the one exhibited in Theorem 6.1).

The article is organized as follows. In Section 2, we compile all the necessary definitions and results
from Brodsky’s work on stationarity in trees (without proofs), and we include a few additional results
that will be needed later and that are not explicitly found in his papers. In Section 3, we introduce
the concept of {7 and investigate some of its basic properties; we start by studying how g and {1
compare when S is a subtree of T', then we prove that {>r imposes certain cardinal restrictions on
the size of T' in the same way that < implies CH, that {)o<w; holds in ZFC, and that {7 implies <
for every nonspecial wi-tree. We conclude the section by showing that > can be expressed within
a more familiar framework, commonly used to define the diamond principle on P, (\). In Section 4,
we prove the consistency of the statement VT’ (T is a nonspecial w;-tree = <>T> and we show that
O <= & when T is an almost-Suslin tree. In Section 5 we construct a model of ={* where {7 holds
for every T nonspecial wi-tree. In Section 6 we separate the notion of {r from the classical diamond
principle <) for some Aronszajn tree T'. In this section we introduce the two forcing properties —namely,
the o(S)-closed and the strategically closed in models forcings—and prove iteration theorems for both.

Finally we conclude with a section of open questions.

2. PRELIMINARIES AND BRODSKY’S NOTION OF STATIONARY FOR TREES

We begin by recalling some classical guessing principles that will appear throughout this article,

starting with Jensen’s notion of diamond:

Definition 2.1 ([17]). Let S C wy be stationary. A sequence (Dy,)acs is a $(S)-sequence if

(1) D, C « for every @ € S, and
(2) for every X C wy, the set {a € S| X Na = D,} is stationary.

Two related principles that strengthen {(S) are:

Definition 2.2 ([18]). Let S C wy be stationary. A sequence (D, )acs is a $*(S)-sequence if

(1) Do, CP(a) and |D,| < w for every a € S, and
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(2) for every X C wy, the set {a € S| X Na € Dy} contains a club.

Definition 2.3 (|18]). Let S C w; be stationary. A sequence (Dg)acs is a 7 (5)-sequence if
(1) D, € P() and |D,| < w for every a € S, and
(2) for every X C wy, there is a club C' C wy such that for all « € C NS we have X N« € D, and
CNaeD,.

It is clear that & (S) = $*(9); a natural weakening of $*(.9) is the following:

Definition 2.4. Let S C w; be stationary. A sequence (D, )acs is a $~(5)-sequence if
(1) Dy C P(a) and |D,| < w for every a € S, and
(2) for every X C wy, the set {a € S| X N € D, } is stationary.

A remarkable result of Kunen is that {(5) and {~(S) are equivalent [21, Theorem 7.14|. Conse-
quently, $T(S) = O*(S) = <(9), and none of these implications can be reversed (see [6] and
[7]).

Now, we present the definitions and results from Brodsky’s work that are needed for the develop-
ment of this article, for this we will fix some notation for trees and ideals.

Recall that a tree is a partial order (T, <7) such that for every t € T, the set of predecessors of ¢
is well-ordered by <p. Throughout, we assume every tree has a root, which we identify—without loss

of generality—with the empty set .

Notation 2.5. Let T be a tree.
(1) For each t € T,
{seT|t<r s}
T,
(2) For t € T, ht(t) is the height of t, i.e., the order type of t].
(3) For SC T, 5 ={ht(s) | s € S}.
(4) For a set of ordinals C, T | C = {t € T | ht(t) € C}.
(5) For an ordinal o, T, =T [ {a}, Two =T [ and T4 =T\ T<q.

tl={seT|s<rt} tT:{ fg»

The height of T is the least ordinal o with T,, = (), denoted by ht(T). A k-tree is a tree of height
in which each level T, has size < k. Thus an w;-tree has height w; and each level is at most countable.

A cofinal branch in T is a chain B C T meeting every level: BN T, # § for all & < ht(T). An
antichain is a subset A C T in which no two distinct elements are comparable: if s # t € A then
neither s <7 t nor t <r s. An w;-tree is Aronszajn if it has no cofinal branches, and Souslin if it has
neither cofinal branches nor uncountable antichains. For a tree T' of height x, we say it is well-pruned
if for every a < 8 < k and every s € T, there exists t € Ty with s <7 t. We say T is Hausdorff if for
all distinct s,t € T, if ht(s) and ht(¢) are limit ordinals, then s| # t]. Finally, if T is a tree, X C T
and f: X — T, then f is regressive if f(t) <r t for every t € X \ {0} (see 35, Section 1]).

Definition 2.6. Let X be a set. An ideal on X is a nonempty family Z C P(X)? such that:

373(X) denotes the power set of X, that is, the family of all subsets of X.
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(1) If A,Be€Z,then AUB € T.
(2) fACBand BeZ, then AeT.

For an ideal Z on X its positive part is ZW = {A C X | A ¢ I} while and its dual is
I*={ACX|X\AeT}. We call an ideal Z proper if X ¢ Z; note that Z is proper exactly
when Z* N Z = 0, equivalently, when Z* C Z7. If Y C X, then the restriction Z | Y is defined
byZ|Y ={ANY | A€ Z} (equivalently, Z|Y ={Ae€Z|ACY});itiseasytoseethat Z Y isan
ideal on Y and it is proper if and only if Y € Z+. We say that Z is x-complete, where k is a cardinal,
it YF €7 for every F C T with |F| < k.

The rest of the terminology we follow is standard and largely agrees with Brodsky’s. The only
difference is purely linguistic: in Brodsky’s approach, every subset of a tree is called a “subtree”,
whereas we reserve that term for subsets that are closed under initial segments. Thus, if T is a tree
and S C T, we say that S is a subtree of T, if whenever s,t € T satisfy s <ptandt € .S, then s € S.

Before defining nonstationary subsets of a tree, we first recall the notion of special subsets:

Definition 2.7. Let T be a tree of height wy and let U C T. We say that U is special if U can be

written as the union of at most w antichains; equivalently, there exists a function
U —w

such that for all t,u € U, t <7 w implies f(t) # f(u).

Note that the collection of special subsets of T' forms an ideal on T that is, in fact, wi-complete.
Also, it is important to observe that a special subset U C T need not be a subtree; that is, U is not
required to be closed under initial segments.

Special sets are natural analogues of the bounded subsets of w; in the sense that, when w is viewed
as a tree, the ideal of special subtrees coincides with the ideal of bounded (i.e., at most countable)
subsets.

Now, we can explicitly formulate Todorcevic’s notion of nonstationarity parametrized by a tree T

of height wy:

Definition 2.8. [35, 36] Let T be a tree of height w;y. The ideal NSy on wy is defined as follows: for
X C w; we have X € NSt if and only if there exists a regressive function f: T [ X — T such that
F71({t}) is special for every t € T.

And its natural generalization, due to Brodsky, which motivated our investigation of guessing

principles on trees:*

Definition 2.9. [4, 5] Let T be a tree of height w;. The ideal NST on T is defined as follows: for
B C T we have B € NST if and only if there exists a regressive function f: B — T such that f~1({t})

is special for every t € T. In case B € NST, we say that B is nonstationary in T.

4Actua11y, Todorcevic treats trees of any regular uncountable height, while Brodsky does so for any successor cardinal.
Here we restrict to the case of wi, as it is the context of this article.
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Clearly every special subset of T is nonstationary in 7. Additionally, Definition 2.9 generalizes

Definition 2.8 in the sense that, for a tree T of height w; and X C wy, we have
XeNSy — T |XeNST.

Note also that when T = wy, we have NST = NSz and, by Fodor’s Lemma [10], both coincide with
the classical nonstationary ideal on wy.
For many arguments that follow, it is convenient to have an equivalent description of NST in

terms of diagonal unions®.

Definition 2.10. Let T be a tree of height w;. For any collection of subsets of T indexed by the
nodes of T', i.e., (A¢)ter, its diagonal union is defined as:

VierAr = [ J(Aint1).

teT

Remark 2.11. [4, Lemma 37] Let T be a tree of height w; and (Ay)ier a sequence of subsets of T.
Then Vier A ={w €T |w e Ag U, ., At}

The following theorem collects several key facts about the ideal NST that will be used throughout
the paper.

Theorem 2.12. Let T be a tree of height wy. Then:

(I) For every B C T, B € NST if and only if B can be written as a diagonal union of special

subsets of T'. [4, Lemmas 42 and 45] (¢f. [2, p. 9])

(I1) NST is wy-complete. [4, Lemma 46]

(IIT) NST is closed under diagonal unions; namely, if {A; |t € T} C NST, then Vier Ay € NST.
[4, Theorem 47]

(IV) If X € (NST)T and f: X — T is regressive, then there exists Y € (NST)* N'P(X) such that
f 1Y is constant. [4, Theorem 47 and Corollary 44]

(V) T is nonspecial if and only if NST is a proper ideal if and only if NSt is a proper ideal. |4,
Theorem 49][35, 36]

Additionally, the following theorem summarizes some of the most important results relating the

ideal NST to the usual ideal of nonstationary sets in w;.

Theorem 2.13. [4, Lemma 51]|[35, 36] Let T be a tree of height w1 and X,C C wy. Then:

() If | X|]<w the T | X € NST.
(ii) If X is a nonstationary subset of wy, then X € NSy and therefore T | X € NST.

(iv) If C is a club subset of wy, then T | C € (NST)* and C € (NSt)*.

)
)
(iii) In particular, the set of successor nodes of T is a nonstationary subset of T.
)
(v) If T is a nonspecial tree and C is a club subset of wy, then T | C & NST.

5Actually, Brodsky’s original formulation of the ideal NST is in terms of diagonal unions.
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From now on, the results in this section are no longer (at least not in an obvious manner) found in
Brodsky’s work. Therefore, even though these results are straightforward, we have decided to include
their proofs.

In the remainder of this section, for a tree T and S C T, whenever t € S we denote by (¢1)s the
set (t1) N S, and analogously with ¢)g. Also, in the following proofs we use the fact that if X C S,

then X is special in S if and only if it is special in T, since S inherits its order from 7.
Proposition 2.14. Let T be a tree of height wy and S C T, then NS° C (NST) | 8.6

Proof. Let (X;)ses be such that each X is a special subset of S. Now for every ¢t € T define V; = X,
in the case that t € S and Y; = ) otherwise; note that Y; C S forallt € T.

Claim 2.15. (vteT)/t) ns = vseSXs.

Proof of the Claim. (C) If u € (VierY:) NS there there is ¢ € T such that v € Y; N ()7,
then Y; # 0 and consequently ¢ € S, then u € X; N (1), but as « € S then u € (¢})g, then
we X;N (s C Vies X

(D) If u € VyesXs, then there is s € S such that v € X, N (sT)g, then u € XN (s)r as
(s1)s € (s1)r, then u € VierY;. ClaimJ O

Recall that S C T is a subtree of T if it is closed under initial segments.
Lemma 2.16. Let T be a tree of height wy. If S is a subtree of T, then NS = NST | S.

Proof. By Proposition 2.14, it is enough to prove that NST [ S C NS®. Let (X;)scr be a sequence
of special subsets. For each s € S, let Y; = X, N S. Clearly, each Y; is special, as it is a subset of a

special set.
Claim 2.17. VSGSYS = (vteTXt) ns.

Proof of the Claim. (C) Let v € Y, N (s1)s for some s € S, then u € X, N (st)r and thus
u € Vier Xs.

(D) Let u € (VierX:) N S. Thus, by Remark 2.11 we have u € Xpor It € T(t <uAu € X;). If
u€ Xg,thenu e Yg=XpNS. If I €Tt <uAu€ X;), thent € S as S is a subtree of T, then
u€ XiN(t)s =Y N(t)s € VsesYs. ClaimUJ U

Note that part (V) of Theorem 2.12 together with Lemma 2.16 implies the following.

Corollary 2.18. If T is a tree of height w1 and S is a subtree of T, then S is special if and only if
S e NST.

6Here we view S with the order inherited from T; hence, S is also a tree (although it is not a subtree of T') and it
makes sense to consider NS (making the convention NS® = P(S) in case ht(S) < w).
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3. DIAMONDS ON TREES AND ITS BASIC PROPERTIES

In light of Definition 2.9 and the fact that it includes the case T = w;, the following guessing
principles are natural generalizations of the usual ones and represent the central objects of study in

this article:

Definition 3.1. If T is a nonspecial tree of height wy. A sequence (D; | ¢t € T') is called a {r-sequence
if:

(1) Dy Ct] forevery t € T.

(2) For every X CT we have {t € T | X Ntl = D;} ¢ NST.

We refer to condition (2) as every set X is guessed in a stationary set.

Definition 3.2. If T' is a nonspecial tree of height w;. A sequence (D |t € T) is called a {X-sequence
if:

(1) D; CP(t)) and |D;| < w for every t € T.

(2) For every X CT we have {t e T | X Ntl ¢ D;} € NST.

As usual, the existence of a {r-sequence is denoted simply by {r, and similarly for %, As we
will see later—and in analogy with the classical case—<7%. implies {r.

We begin the study of {7 by showing that, for wi-trees, it is at least as strong as the classical <.
However, for our later work—where we separate {7 from {—it will be useful to prove a somewhat

stronger statement, one whose immediate corollary is O = .

Theorem 3.3. Let T be a nonspecial wy-tree and S C wy such that T | S € NST, then O —
<>(OJ1 \ S)

Proof. Let (Dy)ier be a p-sequence. Now, for every o € wy, define A, = {l/)\t | ht(t) = a}. Note
that A, C P(a) and |A4,| < w for every a € wy.

Claim 3.4. (Aa)acw,\s is a O or\ s7Sequence.

Proof of the Claim. Let X C wi, and note that {t € T | (T | X) Nt = D,} ¢ NST since (Dy)ser
is a Or-sequence. Now, let B := {t € T | (T | X)Nt} = D;}\ (T | S) and note that E ¢ NST.
Thus, £ C {a € w1\ S | XN € A,}. Indeed, if a € E, then a € wy \ S and there is t € E such
that ht(t) = «, so (T | X)Nt) = Dy, and thus X N« = D\t € A,. Finally, Eis stationary in wi, since
otherwise T' | EeNST by (ii) of Theorem 2.13, but E C T | E, so FE would be in NST, which is a

contradiction. ClaimJ O
Corollary 3.5. Let T be a nonspecial wy-tree, then G = O

As mentioned earlier, Kunen proved that $~ and { are equivalent, which in particular allows one
to deduce < from {*. We now establish the analogous theorem for the tree-version of these principles.

To that end, we first prove a preliminary lemma.
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Lemma 3.6. Let T be a well-pruned wy-tree. Then there exists a surjection f : T — w X T such that

for every t € T of limit height, the restriction f | t] is a bijection onto w X t|.

Proof. Let C' = LIM(w;) U {0}. We will construct a sequence (f, | « € C) such that for every a € C:

(1) fo:T<ca = w X Teqy is a surjective function.

(2) If B<aand B € C, then f3 C f,.

(3) The restriction f, [t is a bijection onto w x t] for every t € T,,.

Observe that if such a sequence (f,, | a € C) exists, then f = |J,c¢ fo is a surjection from 7" onto
w x T satisfying the requirements of the lemma.

We proceed by recursion. Let fo = (). Now, let 8 € C and suppose that f, has been defined for
every a € C'NG.

Case 3 = a +w for some o € C. Enumerate the level T = {t2 | n € w}. We construct a sequence
of functions (g2 | n € w) such that for every n € w:
(i) dom(g?) = (Ui<n t71)\ T and the range of g is contained in w x T 4.

(i) ht(m1(g2(s))) < ht(s) for every s € dom(g?).

(i) g5 C gy s-

(iv) The restriction g2 | (t7]\ Tq) is a bijection onto w x (£7] \ Tq) for all i < n.

For the base step, let gg be any bijection from tg I\ T<q onto w x (tg 3\ T<4) satisfying condition
(ii).

Suppose g2 has been defined and let

X= |t WUt | \Tea and v ={ JELnt,,1) |\ T

i<n i<n
Observe that X UY :tﬁ+1¢\T<a and s <tforalls€Y and t € X.

We want to define ggﬂ. If tfH_lJ, = tf¢ for some i < n, there is nothing to do; we simply set
gg 41 = g2 and we are done. We may therefore assume that tﬁ b F tf J for every i < m, which
implies, in particular, that X is infinite and Y is finite.

Let R = (wx X)U((wxY)\ g?[Y]) and fix a bijection h : X — R such that ht(m(h(s))) < ht(s)
for every s € X. Note that h[X] =R C w x (t2+1¢ \T<a)-

Define ¢° +1 = g4 Uh. We claim that g’ 41 satisfies all four conditions. Conditions (i) and (iii) are
clear by definition. Condition (ii) holds for gg +1 because it holds for both g£ and h. It remains to
verify condition (iv) for i = n + 1 (for i < n, it follows from the inductive hypothesis on gZ). Note

that g, [ (t),,0\ Tea) = (gf [ Y) Uh.
Claim 3.7. g7 [t7 1\ Tea] = w x (7 1\ Teo).
gn+1 n+1 <« n+1 <«

Proof of the claim: |[C| Let s € t5+1¢ \ Tcq. If s € X, then by definition gfzﬂ(s) = h(s) € R C
w X (tﬁﬂi \T<o). If s ¢ X, then s € Y, so there exists i < n such that s € t7]. Thus gg_H(s) =
g2(s) = (m,t). By the inductive hypothesis (conditions (i) and (ii) for g2), we have o < ht(¢) < ht(s).

"Note that if T is Hausdorff, this second case always holds.
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By condition (iv), t € tf¢ \ T<. This implies t < s < tf. Since s < thH, we have t < tgﬂ. Given
ht(¢) > a, we conclude (m,t) € w X (t5+1¢ \ T<a)-

[2] Let (m,t) € w x (t£+1¢\T<a). If t € X, we are done as w X X C R = h[X]. So suppose t € Y. If
(m,t) € g2[Y], we are done as g2[Y] C gf+1[t§+1¢ \ T<q]. Otherwise, (m,t) € (w x Y)\ g?[Y] C R,
so (m,t) € h[X].

Claim 3.7 implies that 954_1 I (t§+1¢\T<Q) is surjective onto w X (t§+1¢\T<a). To finish, we need
to prove that ggﬂ i (t5+1¢ \ T,) is injective.

Since 95—5—1 i (tg_HL \T<o) = (g2 | Y)Uh, and h is injective by construction, we first verify that
g2 1'Y is injective. For this, note that there exists 79 < n such that Y C tfoi\TQl (simply take ig such
that ti | contains the maximal node of the finite chain Y'). By the inductive hypothesis (condition
(iv)), g2 is a bijection on tﬁj¢ \ T4, and thus its restriction to the subset Y is injective.

Since both pieces (g2 | Y and h) are injective, it suffices to show that their ranges are disjoint,
ie., h[X]Ngl[Y] =0.

First, observe that ¢?[Y] N (w x X) = (). To see this, let s € Y and s’ € X. Since s < s', we have
ht(s) < ht(s’). By condition (ii), if we write g2 (s) = (m,t), then ht(t) < ht(s) < ht(s’), which implies
t # s'. As this holds for any s’ € X, we conclude that ¢ ¢ X, and therefore g2 (s) ¢ w x X. Second,
observe that g2[Y] is disjoint from (w x Y') \ g2[Y] simply by definition. Therefore, h[X] N g?[Y] = 0,
as desired.

Finally, let f5 = fo U (U,c, 95). Condition (iv) implies that fg satisfies condition (3). Condition
(1) follows from the fact that 7' is well-pruned: for every s € T \ T<q, there exists n € w such that
s € 2, which implies that s € dom(f3). Furthermore, condition (iv) ensures that for every such s and

every m € w, the pair (m, s) is in the range of fs. Finally, condition (2) is satisfied by construction.
Case (8 is a limit point of C'N 3. In this case, we simply define fz = UaECﬁB fa- O
Definition 3.8. If 7' is a nonspecial tree of height w;. A sequence (D; | t € T) is called a {-sequence
if:

(1) D, CP(t)) and |D;| < w for every t € T

(2) For every X CT we have {t e T | X Ntl € D;} ¢ NST.

Theorem 3.9. Let T be a nonspecial, well-pruned wi-tree. Then {7 and O7oare equivalent.

Proof. Let (Dy)ier be a $r-sequence and let us fix a surjection f: T — w X T as in Lemma 3.6 and
call C' = LIM(w;) U {0}. Now for every ¢t € T let B = {f[A] | A € D;} in case that t € T | C' and

B: = 0 otherwise.
Claim 3.10. For every X C w x T we have that {t € T | X N (w x t}) € B;} ¢ NST.

Proof of the Claim. We know that R := {t € T | f"Y(X)Nt} € D} € NST as (Dy)ier is a
{$r-sequence. On the other hand, by Theorem 2.13, T | C € (NST)*, thus RN (T | C) ¢ NST. Now
ifte RN (T | C) we know that:

fFUX)NtleD, = XNfitleB, = Xn(wxt]) € B,
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that is, RN (T [ C) C{t €T | X N(w xtl) € B;}, so this last is not in NST. Claim
As each B; is countable for every t € T | C, let us write it as B, = {B} | k € w}. Clearly in this
case Bff Cw x t|. Now, let Bf, = {s €T | (n,s) € Bf} for every n € w.

Claim 3.11. There is n € w such that (Bt’fn)teT is a {r-sequence.

Proof of the Claim. Suppose that it is false, then for every n € w there is @, C T such that
Zn ={teT|Qu.ntl =By} € NST. Now, let Q := ,,c.,({n} x Qn). For every n € w we know
that Y, ;= {t € T | QN (w x t}) = B!} € NST. Indeed, to see that Y,, € NST it is enough to see that
Y, C Z,, so:

teY, = QNwxtl)=B" = {sectl|(ns)eQ@N(wxtl)} =08, =
{setl|(seth) A(s€Qn)} =B, = QuNtl=DB, = teZ,.

Now, since the ideal NST is w;-complete (part (II) of Theorem 2.12), we know that the set
Uneo Yo ={t €T | 3In € w(BN (wx tl) = B)} € NST, which is a contradiction to Claim 3.10.
ClaimD O

As we said before, a direct consequence of Theorem 3.9 is that (% == < for every nonspecial
well-pruned wq-tree T'.
What we consider the most natural next step is to explore how ¢ and {1 compare when S is a

nonspecial subtree of T'. For this, it is convenient to recall the natural ordering on arbitrary trees:

Notation 3.12. If S and T are trees, we write S < T to mean that there exists a strictly increasing

map ¢g: S — T, i.e., such that g(s) <p g(t) whenever s <g t.

Observe that if g: S — T is strictly increasing, then the map f(s) = g(s) | ht(s) is also strictly
increasing. As defined in [30], a strictly increasing and level-preserving® map f: S — T is called a
Lipschitz map®. Hence, whenever S < T and f: S — T witnesses this relation, we will assume that f
is Lipschitz.

However, a Lipschitz map f: S — T need not be injective: it may send distinct nodes of the same
level in S to a single node in 7. For instance, for any tree T" of height w; we have T' < w; via the map
sending each node to its height. Conversely, T" has a cofinal branch precisely when wy < T

Note that if f: S — T is Lipschitz and A C T is an antichain, then f~1(A) is also an antichain.
Indeed, if s <g t both lie in f~1(A), then f(s) <7 f(t) and both are in A, contradicting that A is
an antichain. As a consequence, the preimage of any special subset B C T is special; in particular we

have the following fact.
Fact 3.13. If S < T and S is nonspecial, then T is nonspecial.

Notation 3.14. Let s € S and a < ht(s). We denote by s | a the unique predecessor of s with height
«, that is, the unique v € S with v <g s and ht(u) = a.

8A map f: S — T is level-preserving if ht(s) = ht(f(s)) for every s € S.
9Todorcevic’s notion is more general as it allows partial maps, but when the domain is downward closed (in particular,
when it is all of S) it is equivalent to being strictly increasing and level-preserving.
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Fact 3.15. Let f: S — T be a Lipschitz map and let s € S. Then for every a < ht(s),
flsta) = f(s) e

Proof. Set v = s [ a. Note that f(v) satisfies:
e f(v) <r f(s) since v <g s, and
o ht(f(v)) = = ht(f(s) [ ).

Since f(s) | « is the unique node in T with these properties, we necessarily have f(v) = f(s) [ a. O

In order to state the following result, we first need to introduce the Katétov order.

Definition 3.16. [19] Let Z and J be ideals on X and Y respectively and f:Y — X.

(1) f is a Katétov function from (Y, J) to (X,Z) if f~1(A) € J for all A € T.
(2) T <k J (T is Katétov below J) if there exists a Katétov function from (Y, J) to (X,Z).

The interested reader is referred to [12, 13] for further details on the Katétov order.

Theorem 3.17. Let S and T be trees of height wy with S < T. Then:
(i) NST <y NS®, and

(ii) If S is a nonspecial w;-tree'®, then g implies .

Proof. Let f: S — T be a Lipschitz map. To prove (i), we show that f is a Katétov function from
(T, NST) to (S,NS®), i.e., whenever X C T satisfies X € NST, then f~1(X) € NS°. Fix such an
X € NST. By definition,

X = U (A, Ntt),

teT
where each A; is special, and hence each f~1(4;) is also special.

For each s € S, set B, = f~! (Af(s)), which is special. We will show
X)) < | Banst),

seS
and since |J,.q(Bs N s1) € NS, this will prove f~1(X) € NS¥.
Take any u € f~!(X). Then f(u) € X = U;er(Ar NET), so pick ¢ € T with f(u) € A; NtT. Let
a = ht(t) and s = u | a. By Proposition 3.15, f(s) = t. Now
u€ By < uc [T (Ays) &= ue fHA) = flu) €A,

where the final condition holds by choice of ¢t. Clearly u € sT, and hence u € B, N sT, as required.

To prove (ii) assume S is an wi-tree and let (D;)ses be a {g-sequence. For each ¢t € T, set
Dy ={f[Ds]|s€S, f(s) =t}

Note that each Dy is a subfamily of P(t]) and is countable, since f~'({t}) C Spe) and Sy is
countable because S is an wq-tree.

We will show that (D;)er is a $-sequence. Fix X C T

10By Fact 3.13, this implies that 7' is also nonspecial, in particular it makes sense to consider .
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Claim 3.18. For any s € S, we have f(siﬂ f’l(X)) = f(s)INX.

Proof of Claim: “C™ If u € s[. N f~1(X) then u <g s and f(u) € X. Since f is a Lipschitz map,
f(u) <r f(s), 50 f(u) € f(s)LNX.

“D” Let w € f(s)4NX and call v = s | ht(w). By Fact 3.15, we have that f(v) = f(s) [ ht(w) = w.
Since w € X, it follows that v € f~!(X), and hence v € s} N f~*(X), proving w € f(sl. N f~1(X)).
ClaimU

Let

Y = {teT | XnNtl €D}
We must show Y ¢ NST. Suppose otherwise. Then by (i), f~(Y) € NS°. On the other hand, since
(Dy) is a {g-sequence,
Z ={seS|fY(X)nsl=D,} ¢ NS".
But Claim 3.18 implies that
se€eZ = f(s) €Y,

so Z C f~Y(Y), contradicting the nonstationarity of f=1(Y). Hence Y ¢ NST, and (D;)ier is indeed
a {r-sequence. Finally, by Theorem 3.9, we conclude that {7 holds. 0

Note that part (ii) of Theorem 3.17 provides an alternative proof of Corollary 3.5, since if T' is a

nonspecial wi-tree, then 7' < wy. Another consequence of Theorem 3.17 is the following.

Corollary 3.19. Let S and T be nonspecial trees of height wy such that S is a subtree of T. Then
Os tmplies S,

Proof. The inclusion S < T is a Lipschitz map, so part (ii) of Theorem 3.17 gives {5 = $p. O

A particularly interesting case is when S is a cofinal branch of T'. Note that in this scenario, we
have w; < S < wy, which implies that S is a nonspecial w;-tree and, by part (ii) of Theorem 3.17, {5
and ¢ are equivalent. In particular, by Corollary 3.19, we have that <6 implies 7. This, combined
with Corollary 3.5, yields the following result.

Corollary 3.20. For a tree T' of height wy with a cofinal branch,  implies $. Additionally, if T is

an wi-tree, then $ and O are equivalent.

An important nonspecial wi-tree is
T(0) = {s € 2= | |supp(s)| < w},

which possesses several interesting properties. In particular, it is shown in [33, Theorem 4.1 and
Corollary 4.4] that T(()) has no Aronszajn subtrees and is almost-Suslin (Definition 4.10). A natural
question is what can be said about {7 ). Corollary 3.20 answers it: since T'({)) has a cofinal branch,
Oy 1s equivalent to the usual $; indeed, as we will show in Theorem 4.13, being almost-Suslin is a
sufficient condition for this equivalence.

We now turn to a different topic. One of the earliest results, if not the very first, when studying

¢ is that it implies the Continuum Hypothesis (CH). Therefore, when studying <, it is natural
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to ask what cardinal arithmetic constraints {7 imposes. Of course, by Corollary 3.5, we know that
&7 implies CH whenever T is an wi-tree. However, it is interesting to explore whether {7 generally
provides a cardinal inequality associated with the levels of the tree T

Recall that the standard proof that ¢ implies CH shows that if (Ds)a<w, is a {-sequence, then

for every subset X C w, there exists some « € wy \ w with X = D,,. Consequently,
P(w)] < fwi \ w] = w1,
so CH follows.

In other words, when we think of w; as a tree T', the above can be reformulated as {7 implying
that |P(T<w)| < |T>w|. It is natural to ask whether this inequality holds for any tree T of height wq
whenever {7 holds. However, this is not true in general. For example, consider a tree S of height w
with a cofinal branch {r,, | n € w} and such that |S| = 2¥1. Now, let R = {r, | @ € w1 \ w} be a set
disjoint from S, where 7o # g if a # 8. Define T'= S U R as the tree where 7, = {rg | f < a} and
that has S a subtree. Suppose <> holds; since T" has a cofinal branch, by Corollary 3.20, {1 also holds.

However, note that
I Tou| = w1 < |T| =24 <|P(T<w)| = [P(S)] = [P(21)| = 2.
This yields the following result:

Proposition 3.21. It is consistent that there exists a nonspecial tree T of height wy such that

holds and |T>,| < |T| < |P(T<w)|.

Although |P(T<.)| < |T>w| does not necessarily hold whenever $r holds, we can still prove the

following:
Proposition 3.22. Let T' be a nonspecial tree of height wi. Then $p implies 29 < |Ts,).

Proof. Let (Dy)ter be a {r-sequence. By Theorem 2.13, T5, = T | (w1 \ w) € (NST)*. Now fix
A C w. Since (Dy)ier is a Or-sequence, there exists t4 € T>,, such that (T' [ A) Ntal = Dy,
ie, {s <ta|ht(s) € A} = D,,. It is straightforward to verify that t4 # ¢tp if A # B. Therefore,
29 < [Th,|. O

In particular, as a consequence of Proposition 3.22, we have an alternative proof of the fact that
if T is a nonspecial wy-tree, then {; implies CH, since in that case |T>,| = wi.

Given the flexibility of the definition of {7, which allows us to consider any tree of height wq, a
natural question arises: does there exist a tree T such that {r is provable in ZFC? We know that for
T = wy the answer is negative, since < is independent of ZFC.

However, as we will see, 2<“! is a tree whose diamond principle holds in ZFC. To prepare for that

argument, it is convenient to fix some notation.
Notation 3.23. If T is a tree and ¢ € T', then Succy(t) denotes the set
{seT|t<rsand ht(s) =ht(t) + 1},

that is, the collection of immediate successors of ¢ in T
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Definition 3.24. Let T be a tree.

(1) Afamily Q = {Q; | t € T} is a successor-partition of T if for every t € T the set Q¢ = {Q+(0), Q:(1)}
is a partition of Succy(t); i.e., Q+(0) U Q¢(1) = Succr(t) and Q¢(0) N Q(1) = 0.
(2) Given a successor-partition Q of T and a function f: T — 2, the subtree of T determined by
Q and f, denoted T'(Q, f), is the unique subtree of T satisfying:
(a) If t € T(Q, f), then Succy(g,p)(t) = Q:(f(t)).
(b) Ift € T, ht(t) is a limit ordinal and ¢ | 8 € T(Q, f) for every 5 < ht(t), then t € T(Q, f).
(3) A successor-partition Q of T is nice if T(Q, f) is nonspecial for every f: T — 2.

Theorem 3.25. Let T be a tree of height wy. If T admits a nice successor-partition, then $ holds.

Proof. For each t € T define D; = {¢t [ a | a < ht(t) and ¢t | (o +1) € Q¢jo(1)}. For any X C T

let xx: T — 2 be the characteristic function of X. Since Q is nice, the subtree S := T(Q, xx) is

nonspecial.

Claim 3.26. SC{teT|XNtl=D:}.

Proof of the claim. Fix t € S and « < ht(t). We show that ¢ | « € D, if and only if ¢t | « € X.
By definition,

(1) tla€eDy < t](a+1)€Qya(l)

On the other hand, because S is a subtree of T, ¢t € S and ¢ | (a+1) <7 t, we also have t [ (a+1) € S,
hence

(2) tl(a+1)€Qualxx(tla)

Therefore, by (1) and (2), we have

th(a+1) €Qia(l) < xx(tla)=1

Thisyieldst [a € Dy <= xx(t]a)=1,ie,t|a€ D; < t|a€ X. Consequently XNt |= Dy,

as required. ClaimU

Since S is nonspecial and it is a subtree of T', Corollary 2.18 yields S ¢ NST. Hence
{teT|XnNtl=D;} ¢ NST.

As X was arbitrary, the sequence (D;):er is a witness of $rp. O

Lemma 3.27. 2<“! admits a nice successor-partition.

Proof. Let T = 2<%1. For each t € T define Q;(0) = {¢"0} and Q:(1) = {t"1} andset @ = {Q; |t € T'}.

Fix f: T — 2 and consider the subtree T'(Q, f). Define a sequence (84 )a<w, by 50 = 0, Sat1 = s, f(Sa),

and for limit o set so = g, 85- Then T(Q, f) = {sa | @ < w1}, so T(Q, f) is a cofinal branch of T',

in particular T(Q, f) is nonspecial. Therefore Q is nice. O

As a consequence of Theorem 3.25 and Lemma 3.27, we have:

Theorem 3.28. {y<w; holds in ZFC.
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Two canonical examples of nonspecial wi-trees without cofinal branches are the tree oQ (first
studied by Kurepa [24, 23]) and the “shooting-a-club” tree T'(S) (where S is a bistationary subset of
w1). The latter was first introduced by Baumgartner, Harrington, and Kleinberg in [1] as a forcing
notion and was later studied by Todorcevic as a tree in [35], where several interesting facts were
established; for example, T'(S) x T'(S”) is special if and only if SNS” € NS, , which settles Hedetniemi’s
Conjecture at that level.

The tree 0Q is the set {¢ | Ja < wy (¢t: @ — Q increasing and ran(t) is bounded) } ordered by C.
A natural successor-partition of ¢Q is obtained by fixing a partition Q = Qg U Q; in which both Qg
and Q; are dense in Q. For each t € 0Q and i € {0,1} set Q;(7) = { s € Succyg(t) | s(ht(t)) € Q; }. It
is natural to ask whether the successor-partition Q is nice; that is, whether for every f: cQ — 2, the
subtree cQ(Q, f) is nonspecial. The standard proof that ¢@Q is nonspecial, as shown in [33, Corollary

9.9], does not seem to immediately adapt to prove cQ(Q, f) is nonspecial.
Question 3.29. Is the successor-partition Q described above nice? Or more generally: does g hold?

The “shooting-a-club” tree is defined as follows. Fix a bistationary set S C w;. Let T(S) be the
collection of bounded closed subsets p C S of ordinals, ordered by end-extension: ¢ < p iff ¢ = pNa
for some « < wy. It is straightforward to verify that T'(.S) is well-pruned, has no cofinal branch, and
is nonspecial. The last assertion follows from the fact that any special well-pruned tree of height wq
collapses wy, whereas T'(S) does not collapse wy; in fact T(.9) is w-distributive (see [1, Theorem B] or

[16, Lemma 23.9, p. 445]). As with ¢@Q, it is natural to ask:
Question 3.30. Given a bistationary S C wi, does $p(sy hold?

Finally, we conclude the section by showing that {1 can be expressed within a more familiar
framework, a connection that Assaf Rinot brought to our attention, and for which we express our

gratitude.

Definition 3.31. Let Z be an ideal over the powerset of some set Z, i.e., Z C P(P(Z)). We say that
O(Z) holds if there exists a function g : P(Z) — P(Z) such that for every X C Z, the collection
{YCZ|XNY =g )}isinZt.

Now suppose that <>(Z) holds and let g : P(Z) — P(Z) be a witness to this. Now consider
f:P(Z)— P(Z) defined by f(Y) =g(Y)NY. Then f is also a witness of {(Z). Indeed, it suffices to
note that for every X C Z, we have:

{YCZ|XNY=g)}={YCZ|XNY=9gYV)NY}={YCZ|XNnY=/fY)}

Thus, without loss of generality, we can assume that g(Y) CY forall Y C Z.
The language of Definition 3.31 is usually used to define the diamond principle on P, (\) (see, for
example, [27]), but it also captures {7, as we will see.

Let T be a tree of height wy, and let Jr C P(P(T)) be the ideal defined as follows:
(1) (Y CT |Vt € Tt £Y)} € Tr. ie, {tl |t €T} € (Tr)".
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(2) fAC{tl|teT}, then Ac Jrifand only if {t € T |t € A} € NST.
Essentially, Jr is designed to mimic the ideal NST but over P(T).

Proposition 3.32. {$r is equivalent to $(Jr).

Proof. Suppose that (D;)ier is a Or-sequence, and let g : P(T) — P(T) be defined by g(t|) = D; for
all t € T, and constant () for the rest of P(T). It is clear that for every X C T, we have:
(Y CT|XNY =g(Y)} 2 {th | X Nt = Dy}

and the latter set is in 7, since {t | X Nt} = D;} ¢ NST, as (D;)ier is a $r-sequence.

Conversely, suppose that g is a witness of $(Jr) such that g(Y) C Y for every Y C T. Now,
for every t € T, let Dy = g(t]). Note that since {Y C T |Vt € T(tl # Y)} € Jr, for every X we
have {t| | X Nt} = D;} ¢ Jr. Therefore, {t | X Nt} = D;} ¢ NST, which proves that (D;)ier is a

{$r-sequence. O

4. THE CONSISTENCY OF {)7 AND THE CASE FOR ALMOST-SUSLIN TREES

Although we already know some results regarding {1, we still lack a crucial piece of information:
its consistency. The first thing we will do in this section is to establish that consistency for some class

of trees.
Theorem 4.1. Let T be a nonspecial wi-tree. Then $* implies $h..

Proof. Let (A, | @ € wy) be a {* -sequence and enumerate A, = {A% | n € w} for every a € wy. Now
assume without loss of generality that (T, <r) = (w1, <r). We know that the set
C={acw |Tcq =a}

is club, consequently, by condition (iv) of Lemma 2.13, T | C ¢ NST. Now for every t € T | C let
Diy={A"Nt, |new}tandift €T | Clet Dy = 0.

Claim 4.2. (D |t €T) is a {h-sequence.

Proof of the Claim. Let X CT. AsT =wy, D={a €w; | XNa € A,} contains a club, hence so
does E=DNC. Let any t € T | E and let a = ht(¢). Now we know that X NT., = X Na € A,, so

X Na = A7 for some n € w, thus:
Xntl=Xna)ntl=A42Nt| € D;.
This proves that {t € T | XNt €Dr}y CT [ (wi \E)=T\ (T | E) € NST as (T | E) € (NST)* by
condition (v) of Lemma 2.13. Claimd O
It is natural to ask whether the proof of Theorem 4.1 can be adapted to show that < implies {r.

However, note that this seems unlikely because in the proof we use the fact that if D C w; (the set

where X is guessed) is a club, then two things happen:
(i) E=DnNC is club, and
(i) T I Ee (NST)".
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Note that if D, the set where X is guessed, is merely stationary (not necessarily club), although
condition (i) has an adequate analogue (as E = D N C is stationary), the analogue of condition (ii)
fails, since we cannot guarantee that T | E ¢ NST. As we will see later, this is actually the only
obstruction to deducing {$r from ¢ (Lemma 4.8). However, since in principle not every well-pruned
wi-tree satisfies this property (as Theorem 6.4 witness), in order to prove that {7 is consistent for
every well-pruned nonspecial wq-tree, we must go further and obtain )7 not as a consequence of <

but from {*:

Corollary 4.3. Let T be a well-pruned nonspecial wy-tree. Then $* implies .

Proof. &* implies $% by Theorem 4.1, while $%. implies ¢ by Theorem 3.9. O
In particular:

Corollary 4.4. L = VT nonspecial well-pruned wy-tree, O holds.

It would be interesting to know whether a direct proof of Corollary 4.4 can be given using the fine
structure of L or the Condensation Lemma.

We now aim to prove that for every well-pruned, nonspecial Aronszajn tree T', {p is consistent.
By Corollary 4.3, this reduces to showing that one can force {* while preserving the fact that 7'
remains a nonspecial Aronszajn tree (being well-pruned is preserved trivially). To this end we need
the following lemmas, due to Silver and Todorcevic respectively, which will also be used in subsequent

sections.

Lemma 4.5. |28, p. 387] Let T be a well-pruned Aronszajn tree and let P be a o-closed forcing. Then

Pk “T is a well-pruned Aronszajn tree.”

Lemma 4.6. [32, Lemma 12| Let T be a nonspecial wy-tree and let P be a o-closed forcing. Then P

does not specialize T'.
We can now prove the desired result:

Theorem 4.7. Let T be a well-pruned, nonspecial Aronszajn tree. Then in some cofinality-preserving

forcing extension, T is a well-pruned nonspecial Aronszajn tree and 1 holds.

Proof. As previously stated, it suffices to show that we can force {* with a cofinality-preserving
forcing that preserves T' as a well-pruned, nonspecial Aronszajn tree. By [21, Exercise H20, p. 249],
under CH, there exists a o-closed forcing @ such that Q I “{*” (this forcing plays a key role in
Section 5 and additionally forces a stronger diamond principle, but this property is sufficient for now).
Furthermore, it is well-known that P = (2<¢*, D) is o-closed and forces CH. Thus, P Q is a o-closed
forcing that forces {*. By Lemmas 4.5 and 4.6, T remains a well-pruned, nonspecial Aronszajn tree

in V[G]. Hence, V|G| = . O

It is natural to think that for trees that are not too wide, {1 should be very similar to . As we

mentioned earlier, the issue with trying to deduce {>7 from <) is that we do not know that 7' | X ¢ NST



18 O. GUZMAN AND C. LOPEZ-CALLEJAS

when X C w; is stationary. As we will see, that this is actually the only obstruction (Lemma 4.8),

and that almost-Suslin trees (Definition 4.10) do not have this obstruction (Lemma 4.11).

Lemma 4.8. Let T be a nonspecial wi-tree such that for every X C wy, T | X € NST if and only if

X is nonstationary. Then & and 7 are equivalent.

Proof. By Corollary 3.5, we know that {7 implies . Now suppose that (A, | a € wy) is a {-sequence
and assume without loss of generality that (T, <r) = (w1, <r). We know that the set

C={a€cw |T<o =a}

is club, consequently, by condition (iv) of Lemma 2.13, T' | C' € (NST)*. For every t € T let D; C t]

be as follows:
D, — ANt} ifteT|C
L0 iftgT|C.

Claim 4.9. (D¢ |t € T) is a $p-sequence.

Proof of the Claim. Let X CT. As T =w; then D ={a € w; | X N = A,} is stationary in wy,
soitis E=DNC and thus T | E ¢ NST. Let any t € T | E and let a = ht(t). Now we know that
XNT.o=XNa=A,, thus:

XNtl=(XNa)Ntl=A, Nt} = D,.

This proves that T | E C {t € T | X Nt| = Dz} so this last set is not in NST. ClaimJ O

Definition 4.10. [8] Let 7' be an wi-tree. We say that T' is almost-Suslin if, for every antichain
ACT, the set A = {ht(t) | t € A} is nonstationary in w.

Lemma 4.11. Let T be an almost-Suslin tree. Then, for every X Cwy, T | X € NST if and only if

X s nonstationary.

Proof. By condition (ii) of Lemma 2.13, we know that if X C w; is nonstationary, then T' | X € NST.
Thus, it is enough to prove the converse. Suppose that 7 [ X € NST, which means that there is a
collection {A; | t € T} of special sets of T such that T | X = Ve A;. Hence, for every t € T, A; is a
countable union of antichains, and since 7" is almost-Suslin, every antichain is such that the set of its
heights is nonstationary, meaning that Zl\t is itself nonstationary.

Now, for every s € T | X, let t(s) € T be a node of minimal height such that s € A; N 1. For
every a € X, let g(a) = min{ht(t(s)) | s € Tn}. Clearly, g : X — wy is a regressive function. The

proof will be complete with the following claim:
Claim 4.12. g~1({B}) is nonstationary for every 3 € w;.

Proof of the Claim. Suppose that there exist f € w; and a stationary set ¥ C X such that
g(a) = B for all @ € Y. This implies that for every o € Y, there exist s(a) € T, and t(«) € T such
that s(@) € Ay(a). If we define R := {J;c7, Ay, then we have

{s(0) [ €Y} CR,
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and consequently Y C R = UteT,; ;l\t However, R is nonstationary (being a countable union of

nonstationary sets) and contains the stationary set Y, which is a contradiction. ClaimJ O
Theorem 4.13. If T is an almost-Suslin tree, then $r holds if and only if & holds.

Proof. {7 implies ¢ by Theorem 3.5, and <) implies {7 by Lemmas 4.8 and 4.11. 0

In particular:
Corollary 4.14. IfT is a Suslin tree, then {1 holds if and only if & holds.

The trees that arise in the study of walks on ordinals (see [31]) are important examples of wy-trees.
It turns out that the trees T'(pg) and T'(p2) are always special (see [31] and [25]). However, the situation
for py is different: T'(p;) can be nonspecial and can even be almost-Suslin. There are two different
ways to see this.

Todorcevic showed that given a ladder system < (see Definition 6.5) and r € ([w]<*“)¥, one can
associate another sequence 8T which, for suitable 7, is again a ladder system. He proved that if r is
a Cohen real then the p;-tree associated to C'™ is almost-Suslin (see [34, Theorem 15]).

A second approach uses the combinatorial principle 1, which asserts the existence of a ladder
system 8 = (Cy | @ € LIM(w;)) with the property that for every stationary S C w; there exist
ordinals a, 8 € SNLIM(w;) such that CsNa C C, and o € C. Hrusak and Martinez Ranero proved
that if 8 is a Jri-sequence then the pi-tree associated to 8 is almost-Suslin (see [14, Theorem 4]).

Therefore it is consistent that T'(p1) is almost-Suslin, in particular, by Theorem 4.14, we obtain:
Corollary 4.15. It is consistent that oy, holds.

Since coherent trees tend to be <-comparable, the preceding result naturally leads to the question

of what can be said about {7 for this class of trees.

5. &* IS STRONGER THAN “<{7 HOLDS FOR EVERY NONSPECIAL ARONSZAJN TREE”

We already know that for every nonspecial, well-pruned wi-tree, {* implies {7 (see Corollary
4.3). An interesting question, then, is whether it is consistent with ={* that $r holds for every well-
pruned Aronszajn tree T. The first part of this section is devoted to providing a positive answer to

this question.

Theorem 5.1. It is consistent with —=* that there exist nonspecial, well-pruned Aronszajn trees and

that &1 oholds for all such trees.

The proof of Theorem 5.1 proceeds via a countable-support iteration of length ws over a model of
CH. We alternate forcing with 2<“1—which destroys {>*-sequences—and the Jensen—Kurepa forcing,
which introduces {»T-sequences. Although these two forcings have opposing effects, both are o-closed;
therefore, by Baumgartner’s theorem (see Theorem 5.6), under CH the iteration satisfies the ws-chain
condition. In particular, every nonspecial wi-tree T' in V[G] appears at some intermediate stage of

the iteration. After that stage we add a {'-sequence, which implies {7 at that step. Moreover, the
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remainder of the iteration is o-closed, so it neither specializes trees nor destroys {r-sequences (see
Lemmas 4.6 and 5.2); hence {7 holds in the final model V[G]. On the other hand, also by the wa-c.c.,
every {*-candidate 5) in V[G] already appears at some intermediate stage; after that stage we force
with 2<¥1, ensuring that B is no longer a {*-sequence. Since the remainder of the iteration is proper,
D remains non-$* in V]G]

Thus we proceed by iterating o-closed forcing notions over a model of CH. By Lemma 4.6 such

forcings do not specialize wi-trees; we now show that they also preserve {r-sequences.

Lemma 5.2. Let T be a nonspecial wy-tree and (Dy)ier a $r-sequence. If P is a o-closed forcing,

then P Ik “(Dy)ier is a Or-sequence”.

Proof. Let p € P and X, B be such that pIF "X C T A B € NST7. We aim to show that there exists
q < psuch that ¢IF "3t € T\ B(X Ni| = Dy)”.

Now, B= VSGTAS7 where each AS is a P-name for a special subset of T', there exists a P-name fs
for a specializing function of Ay, ie., fs )

For every s,t € T, define
D(s,t) ={q€P| qdecides if t € Ay, and if ¢ IF “t € Ay, then ¢ decides fé(t)}

Note that D(s,t) is dense in P for every (s,t) € T?.

For every s € T, let E(s) denote the set {g € P | q decides s € X}, which is also dense in PP.

Since P is o-closed, there exists a filter G C P such that G N D(s,t) # 0 # G N E(s) for every
(s,t) € T2

For each P-name &, we can evaluate it with respect to the filter G, namely #[G], although G need
not be generic. Thus, for every s € T consider A,[G] and f,[G], both of which belong to V since
G € V. Now set

B :=Vger (Ag [G])7

and note that B € NST because each A,[G] is special, as witnessed by f,[G].

Next, construct a decreasing sequence (¢o)acw, such that go < p and, for every o € wy, we have
o IF (B NTew=B mT<a) A (X NTeo = X[G] mT<a)
Since B € NS, there exists t € T such that t ¢ B and X[G] Nt} = D;. Let o = ht(t) + 1, and
note that g, satisfies:

o g, IF“t ¢ B”, and thus ¢o IF “t € B” because ¢o IF “BNTeq = BNTy”.
e qo IF“XNtL =D, since qo IF “X NTey = X[G]NT<y” and g, IF “X[G]Nt, = D,” (this
last is because X[G] Nt} = D, holds in V).

Hence, ¢o IF “t & B A (X Nt} = D;)”, which completes the proof. O

= =
If D = (Dy)acw, is such that D, C [a]S¥ for every a € wi, then let us say that D is a
O* -candidate.
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The proof of the following result, which appears as Exercise (J5) in [21, p. 300], follows essentially
the same argument given in [28, p. 387], and it also appears in Devlin’s proof that ¢ does not imply

&* 7, Theorem 3.2].
Proposition 5.3. Let D be a {*-candidate and P = 2<%1. Then P I+ “D is not a {$*-sequence.”

The following two forcing notions will play an important role in the proof of Theorem 5.1.
The Jech-Suslin forcing JS is defined as: p € JS if and only if p = () or p is a subtree of 2¥1 such
that:
(i) ht(p) = a+ 1 for some o € LIM(wy),
(ii) For all s € p such that dom(s) < a we have that s70,s71 € p,
i)
v)

(iii) For all £ < a we have |p¢| < w and

(i
And p < qif g = {s € p| ht(s) < ht(q)}, that is, if ¢ = p | ht(g). The reason we call JS the Jensen-

For all s € p there exists t € p, such that s C ¢t.

Suslin forcing is that Jech introduced it to force the existence of a Suslin-tree (see [21, Exercices H11,
p. 248])

Note that if p, ¢ are two compatible elements in JS then p < g or ¢ < p. In fact, if ht(g) < ht(p)
and r < p, q then:

q=r [ht(q) = (r [ ht(p)) [ ht(g) = p [ ht(q)
and thus p < ¢. It is also easy to see that |JS| = 2¢, so if CH holds, then |JS| = w;.

The Jensen-Kurepa forcing JK is defined as follows: (p, I) € JK if the following hold:

(1) p € JS and I C 2% such that |/] < w,

(2) f1 (ht(p)—1)epforall fel.
and (p,I) < (¢q,J) if p < ¢ in JS and I O J. Analogously to the case of JS, the reason we call JK
Jensen-Kurepa is that Jensen introduced it to force the existence of a Kurepa-tree under CH (see [21,
Exercices H18 and H19, p. 249])

Recall that a subset R of a forcing IP is centered if every finite subset of R has a lower bound in P,
and it is linked if every pair of elements of R has a lower bound in PP (in both cases the bound need
not lie in R). We say that P is wy-centered (respectively, wy-linked) if it can be expressed as the union
of w; many centered (respectively, linked) subsets.

Note that if we have two conditions in JK with the same stem, namely (p,I) and (p,J), then
(p, I U .J) is a common lower bound. This fact, together with the observation that |JS| = 2, shows
that if CH holds, then JK is wy-centered; in particular, it is w;-linked. Another important consequence

of CH about JK is the following:
Proposition 5.4. |21, Exercice H20, p. 249 | If CH holds, then JK I- “$T7.

On the other hand, an important property of JK is that it is o-closed. In fact, let (pn, In)new be
a decreasing sequence in JK, and for every n € w let o, € LIM(wq) be the unique ordinal such that

ay, + 1 = ht(p,); note that «,, < 41 for all n € w.
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If the sequence (&, )new is eventually constant, say with constant value a,, then p, = p,, for
every n > m, and consequently (pm,J,c., In) is a lower bound for (py, In)necw. Now, suppose that
(@ )new is not eventually constant and let o = lim,, ¢, oy, Consider the set

S={se2% [ (@mew)(s€pm)A(Vfe | JIL)(sZ N}

new
It is clear that |S| < w, and by condition (iv) of the definition of Jech-Suslin forcing, for every s € S
there exists a (cofinal) branch g € [Un@) pn] such that s C g. For each s € S, fix one such branch g;.
Now, define
r=({f181Gnew)fel)nB<a})u(Jp)Uislsesh

new
We claim that (r,{J,c,, In) is in JK.

It clearly suffices to show that r € JS. Conditions (i) and (iv) hold by construction, while condition
(iii) also holds because |rq| < w and |r¢| < |rq| by condition (iv). To verify condition (ii), note that for
every s € r with ht(s) < «, there exists some n € w such that s € p,,. Indeed, the only nontrivial case
occurs when s = f | 8 for some 8 < a and some f € I, for some n € w. Since (a,)ney is (eventually)
increasing, there exists m > n such that a,, > S, and because I,, C I,,, we have f | o, € pm.
Consequently, s = f [ 8 € py,, and hence both s~0 and s™1 belong to p,, C r, which completes the

verification. The last argument also shows that r [ «,,, + 1 = pyy,, S0 we are done.

An important definition for proving Theorem 5.1 is the following:

Definition 5.5. A forcing P is called well-met if every two compatible conditions have an infimum

in P.

It is clear that 2<“1 is well-met since if p,q € 2<“* then either p < q or ¢ < p. It is also true that
JK is well-met. To see this, suppose that (p, I) and (g, J) are compatible. In particular, as mentioned
before, we must have either p < ¢ or ¢ < p. Without loss of generality, assume p < g. We claim that
(p, I U J) is a condition in JK.

Indeed, since (p,I) and (g, J) are compatible in JK, there exists some (r, K) < (p,I),(q,J). In
particular, J C K, and therefore for every f € J we have

f1(ht(r)—1)€er
But since p = r [ ht(p), it follows that
frt(p)—1)ep

Thus, (p,I U J) is a condition. Moreover, (p, I U J) is the infimum of (p, I) and (g, J), since if (r', K)
is a lower bound for both, then necessarily v’ <pand K D T U J.
The following theorem by Baumgartner 3] (which also appears as [22, Lemma V.5.14, p. 360]) is

the final piece we need to prove Theorem 5.1:

Theorem 5.6. Let P, = <P5,Q5 | B € @) be a countable support iteration of forcing notions that are

o-closed, well-met and w1 -linked. If CH holds, then P, satisfies the ws-chain condition.
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Theorem 5.6 is central to the study of the forcing axiom BACH, which yields significant topological
and set-theoretic consequences (see [29]).

Proof of Theorem 5.1. Start with a model of GCH and consider P = (P, Qg | B € wa) a countable
support iteration of forcing notions such that at even stages we use 2<“! and at odd stages we use
JK. That is, if 8 € ws is even, then

Pg I “Qp = 2%+
and if 3 is odd, then
Ps I- “Qp = JK”.

Now, let G be P-generic filter. By Theorem 5.6, assuming CH, the iteration P has the wy-cc. In

particular, any P-name 5) for a {*-candidate is decided at some stage 7. Since at that stage or the

ﬁ
<@, Proposition 5.3 implies that P.4q IF “D is not a {*-sequence.”. Hence in

next we force with 2
V[G | v+1] there is X C w; such that {a < w; | X N € D,[G | v+ 1]} fails to contain a club.
Equivalently, {a < wi | X Na ¢ D[G | v+ 1]} is stationary. Since each iterand in the remainder
of the iteration is proper, the tail forcing is proper and thus this stationary set remains stationary
in V[G]. Therefore P I “_ﬁ is not a {*-sequence”. Finally, because the argument applies to every

P-name 13, we conclude
]P) “_ LL_|<>*.7?

On the other hand, since P has the wy-cc, any P-name T for an w-tree in V[G] is decided at some
stage 7. By Lemma 4.6, if T[G | 7] is nonspecial then it remains nonspecial in V[G]; in particular,
every nonspecial Aronszajn tree from V stays nonspecial in V[G]. Moreover, because we force cofinally
often with JK (which adds ¢ and hence ¢*), Corollary 4.3 shows that {7 holds in V[G | (n + 1)].
Finally, each remaining iterand is o-closed, so the tail forcing is o-closed; therefore, by Lemma 5.2,

{1 continues to hold in V[G]. Us.a

6. & MAY BE STRICTLY WEAKER THAN SOME {r

We already know that if T is a nonspecial wi-tree then {7 is strictly weaker than {* and is at
least as strong as <; in fact, if T is Suslin then {7 is equivalent to <. Thus, the remaining question is
whether there exists (or may exist) a nonspecial w;-tree such that < is strictly weaker than . This

entire section is dedicated to give a positive answer to this.

Theorem 6.1. It is consistent with <> that there exists a nonspecial Aronszajn tree T such that

does not hold.

The plan to prove Theorem 6.1 is as follows:

(1) Start with R C w; being bistationary (i.e., both R and w; \ R are stationary) and a model of
O*(wr \ R) (for example V = L).

(2) Thanks to Theorem 6.4, we have a nonspecial Aronszajn tree T such that 7' | R € NST and
T (w \R) ¢ NST.
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(3) Tterate the forcing from Definition 6.7 to kill &(w; \ R)!'. This is carried out in Proposition
6.8 and Theorem 6.23'2

(4) Prove that this iteration of forcing preserves the following:
(a) &(R) (Theorem 6.23 applied to S := w; \ R)),
(b) T' | (w1 \ R) ¢ NST (By Theorem 6.29, Theorem 6.33 and Proposition 6.27).

(5) Apply Theorem 3.3 to argue that {1 does not hold in V[G], since in this case ¢(w; \ R) would
hold in V[G], but not even &(w; \ R) holds in V[G].

(6) Then such a model is a model of {(R) + =<, in particular a model of & + .

We will begin by recalling an important theorem of Shelah. The theorem essentially states that,
under certain hypothesis, given a bistationary set S C wi, there exists a nonspecial Aronszajn tree T'
such that 7' | S € NST. Although this theorem is originally stated in different terms, it is crucial for
the proof of Theorem 6.1, since, as previously suggested, such a tree will serve—after a forcing exten-
sion—as the witness for the theorem. As Shelah’s theorem is formulated using different terminology,

we will first introduce a preliminary definition and lemma in order to properly state it.

Definition 6.2. [26, Definition 3.3, p. 444| Let S C w; be stationary, and let 7" be an w;-tree. We
say that T is S-st-special if there exists a function f such that:

(1) dom(f) =TT S\ {0},

(2) if t € T, for some a € S\ {0}, then f(t) € a X w, and

(3) if s,t € dom(f) are such that s < t, then f(s) # f(t).

It turns out that if T is S-st-special for some S C w; stationary, then T' is Aronszajn but not Suslin
[26, Claim 3.4(1), p. 445]. On the other hand, remarkably, Shelah’s previous notion of S-st-special can

be expressed in Brodsky’s terminology:

Proposition 6.3. Let T' be an wi-tree and let S C wy be stationary. Then T is S-st-special if and
only if T 1 S € NST.

Proof. Suppose that T is S-st-special, and let f = (fo, f1) be a witness of this'®. Now, let g: T |
(S\ {0}) = T be given by g(s) = s | fo(s). Clearly, g is regressive. Let us now show that g=1[{t}] is
special for every ¢t € T. Note that:

g7 [{t}] = {s € dom(f) | (s > t) A (fo(s) = ht(1))} = [ {s € dom(f) | (s > t) A (f(s) = (ht(t),n))}.

new

If s0, 81 > t are such that f(sg) = (ht(¢),n) = f(s1), then necessarily so and s; are incomparable, which
proves that g~![{t}] is special. This proves that T | (S\ {0}) € NST and consequently T' | S € NST.

Conversely, suppose that T | S € NST. Then, there exists a regressive function g : T [ S — T
such that g~1[{t}] is special for every t € T. That is, we can write

g = A%

new

ISee Definition 6.6; for now it suffices to know that (w1 \ R) implies d(w1 \ R).
12These results are applied with S = w; \ R.
I3Here, we are using the notation f(t) = (fo(t), f1(t)) for every t € T 1 S\ {0}.
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where each Al is an antichain. Now, let us define a function f as follows:
(1) dom(f) =TT S\ {0},
(2) if s € g7 1[{t}], then f(s) = (ht(t),n), where n € w is such that s € Af.

It should be clear that f witnesses that T is S-st-special. 0

Theorem 6.4. [26, Lemma 3.9, p. 448] Let S C wy be stationary and assume that $*(wq \ S) holds.
Then there is a well-pruned Aronszajn tree T such that T | S € NST and for all R C w1 we have that
T | Re NST if and only if R\ S is nonstationary. Moreover, there is no antichain A C T such that
A\ S is stationary.

The fundamental forcing notion that we will work with in the remainder of this article for the

proof of Theorem 6.1 is the forcing designed to destroy &(S) sequences.

Definition 6.5. Let S C wy be a stationary set. A sequence C = (Co | @ € SNLIM(wy)) is called a
ladder system in S if C, C « is cofinal of order type w for every a € S N LIM(wy).

Definition 6.6. Let S C w; be a stationary set and = (Cq | @ € SNLIM(w;)) a ladder system on
S. Then C is called a & (S)-sequence if for every X € [wq]“?, the set {a € SNLIM(w;) | Co € X Nar}

is stationary.

Definition 6.7. Let S C w; be stationary and C = (Co | @ € SNLIM(wq)) be a ladder system on
S. The forcing P(.S, 8) is defined as follows: p € P(S, 8) if and only if there is some « € w; such that
p:a— 2, and for every B € (a+ 1) NS NLIM(w;), we have Cg € p~({1}). The order is given by
p<qifp2gq.

The forcing P(S, C_") has two desirable features: it is proper and w-distributive, hence totally
proper'4. Indeed, by Theorem 7.13 of [9], the poset is even completely proper and <w;-proper via
the fusion schemes (CPy,) and (A). It also has two additional properties crucial for our goals: it is
o(wy \ S)-closed (Definition 6.12), and it is strategically closed in models (Definition 6.26). In fact, we
will give an alternative proof—using strategic closure in models—of its total properness (see Proposi-
tion 6.27 and Theorem 6.28). However, the most important feature—and the very reason we employ

this forcing—is that it is designed to destroy the sequence 8 as an instance of &(.5):

Proposition 6.8. Let S C wy be stationary and C = (Co | @ € SNLIM(w1)) be a ladder system on
S. Then P(S, 8) F“C is not a &(S)-sequence”.

Proof. For every a € w1, let D, = {p € ]P’(S,g) | Fv(a <y < Bp:B—=2Ap(y)=1)}
Claim 6.9. D, is dense for every a € ws.

Proof of the Claim. Let p € P(S, 8) and let ¢ = dom(p). Now, let 8 € S N LIM(w;) be such
that 8 > a,¢ and enumerate (£, 5] as {ay, | n € w} such that ag = . Now construct recursively

{an | n € w} and {b, | n € w} as follows:

MRecall that a forcing is totally proper if it is proper and does not add new reals.
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(1) ag,by € Cy, \ € such that a < ag < by.
(2) any1:bnt1 € Capyy \ (EU{as, b | i <n} and apqq < bpyr.

Now let ¢ : 8 — 2 be given by:

p(6) iféeg,
(=11 itancotson
0 in other case.
Clearly ¢ € D,, and g < p. Claim
Let us go to V[G]. Let fg := UG : w; — 2. Then, since every D, is dense, X := f5' ({1}) is cofinal
in w; (and w} = wY [G], which follows from either the properness of P(S, C) or its w-distributivity).

Claim 6.10. C, € X for every a € wy.

Proof of the Claim. If C, C X for some a € wy, then C, C XgNa as Cy, C a. Now, let p € G
be such that dom(p) > . Then p is such that X¢ Na C p~({1}). Thus, we have that:

Ca - XG NaC pil({l})a
which is impossible as p € P(S, 8) ClaimU 0

The next step in the proof of Theorem 6.1 is to prove that {(w; \ S) is preserved under iterations
of forcings of the form P(S, 8), where 8 ranges over all possible ladder systems on S. To this end,
we begin by proving that <> implies the existence of a seemingly stronger sequence. The following is

based on a result by Hrugék and the first author [11, Lemma 4.9] (see also [15]).

Lemma 6.11. Let S C wy be stationary, P be a forcing notion, k be a large enough reqular cardinal
and assume V = O(S). Then there is a sequence (My,pa, Xo) | a € SNLIM(w;)) such that for
every a € S N LIM(w;), the following holds:

(1) M, is a countable elementary submodel of H(k) such that P,py, Xo € M,.

(2) pa €P and po IF “Xo C wy”.

The sequence (Mg, pa,Xo) | @ € SNLIM(w,)) has the property that for every p € P and X such
that p IF “X C w”, there is a countable N < H(k) and o € S N LIM(w;) such that the following
conditions hold:

(I) P,p,X € N.

(II) M, Nwy = a.

(III) The structures (N, €,P, <p,IFp, p, X) and (M,, €,P, <p, II—]p,pa,Xa) are isomorphic.

Proof. Using {(S) we can find a sequence
(Ao = (@, Aa, Pay Zar~arTas Ya) | @ € SN LIM(w1))

such that for every structure 2 = (w1, A, P, 3, ~,7,Y) —with A, 2, ~C w2, P,Y Cw; and r € wy—

there are stationary many « € S such that %, is an elementary substructure of 2. Given « a limit

ordinal in S, in case there are a countable M < H(x), p € P, X such that
(1) ]Pa SPaan € Ma
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(i) M Nw; = a,

(iif) plF “X C w;” and

(iv) (M,e,P,<p,lFp,p, X) is isomorphic to Ay,
then we choose one of them and define M, = M, p, = p and X, = X. If there is no M that satisfies
these properties, we just take any (Mg, pa, Xa) that satisfies the properties (1) and (2) of the Lemma.

We will now prove that (Mg, pa, Do) | @ € S N LIM(w;)) has the desired properties.

Let p € P and X be a P-name such that p I “X C w;”. Recursively, we build {N, | a < w;}
a continuous €-chain of countable elementary submodels of H(k) such that p, X,P € Ny. Let N =

Ua<w1 N,, since N has size wq, then we can define a structure
A= (whAaPaSanTvY)

that is isomorphic to (N, €,P, <p, H—,p,X). Let F: w;y — N be an isomorphism.

It is easy to see that
{o € LIM(w1) | No Nw1 = a A Fla] = Ny}

is a club. In this way, we can find v € S N LIM(w;) such that Fla] = N,, Ny Nw; = o and A, < 2A.
Note that N, p, and X satisfy conditions (i), (i), (iii), and (iv) at stage c. In particular, condition
(iv) holds, showing that 2, is isomorphic to both

(N7€7P7 S]P’a”_ﬂ]’ap7X> and (Ma7€7P7 SP;H_IP’,pa,Xa)~
Hence those two structures are isomorphic to each other. O

The following definition captures what we consider to be one of the essential properties of forcings
of the form P(S, 8), and this property ensures that the forcings possessing it preserve certain diamond
principles (see Theorem 6.14 and Proposition 6.21). We must clarify that this appears to be a specific
case of the theory that Shelah develops in [26, Chapter V, Section 1]; however, in our opinion, that
presentation is very technical and hard to follow, which is why we decided to include this material, a

presentation that we believe is quite accessible.

Definition 6.12. Let (P, <p) be a forcing, x a cardinal, M < H(k) with P € M and (pn)new 2
<p-decreasing sequence. We say that (p,)ncw is (M, P)-generic if:

(1) pp, € M for all n € w and
(2) for all D € M open dense subset of P, there is n € w such that p,, € D.

Definition 6.13. Let P be a forcing and S C w; stationary. We say that P is o(.5)-closed if for all
large enough cardinal and all M < H(k) countable such that P € M and M Nw; € S, we have that

every (M,P)-generic sequence has a lower bound.
Theorem 6.14. If P is 0(5)-closed and V = $(S), then Ikp “O(S)7.

Proof. Fix a sequence ((Me,pa,Xs) | @ € SOALIM(w;)) as in Lemma 6.11. We want to define a
sequence D = {D, C a | a € S} that will be a witness of $(S) in V[G]. Let @ € S; in case
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My Nwy # a, let D, = 0. Now, fix a € S such that M, Nw; = a and let {a, | n € w} be an
enumeration of a. Fix also {E,, | n € w} an enumeration of all open dense subsets of P in M,,.
Now, let us construct a sequence {¢% | n € w} and the set D, C « as follows:
(1) 4§ = pa-
(2) If g2 has been defined, then:
(a) If there exists ¢ € P such that:
(i) ¢<ay,
(ii) ¢ € E,, and
(iif) ¢ IF “ap € Xo7.
then let g, any such ¢ € M, and set o, € D,.
(b) If not, then let ¢, € M, be such that satisfies conditions (i) and (ii) and set a, & D,.
Note that this process completely determines the set D, C «, and, moreover, D, is in the ground
model and it satisfies the following:
(I) @, € D, if and only if ¢, ; I “a,, € X,” and
(II) v & Dy, if and only if g5 IF “ay & X,

Claim 6.15. (D, | @ € S) is a {(S)-sequence in VI[G].

Proof of the Claim. Let X be a P-name and p € P such that p IF “X C w;”. We want to prove
that there exist ¢ < p and o € S N LIM(w;) such that ¢ - “X Na = D,”.

By hypothesis, there exist & € SNLIM(w;) and N < H(k) such that P, p, X € N, M,Nw; = a and
(N,e,P,<p,lF,p,X) = (Mg, €,P,<p,lF, pa, Xa). So let F : M, — N be the (unique) isomorphism,
in particular, F(P) = P, F(p,) = p and F(X,) = X. Note that since F' is an isomorphism then, for
all n € w, the following conditions hold:

(A) g1 IF “ay € X,” if and only if F(ggiq) IF “ap € X7,

(B) qn1 IF “on & X,” if and only if F(gy) Ik “ap & X” and

(C) Flgny1) < Flay)-

Now, by construction, the sequence (¢5)ney is My-generic, so (F(¢%))new is N-generic. Since P is

o(S)-closed, the sequence (F(¢%))new admits a lower bound r. Moreover, we have
r < Flgg) = F(pa) = p.
We claim that r I+ “D, = X Na”. To see this, note that by Conditions (I) and (A) we have:
an € Dy = q2i Ik “an € X)) = F(¢%) IF “ap € X7 = 7IF “ay € X7
and by Conditions (II) and (B):
an & Do = ¢ - “an € X0 = F(¢@) IF “ap € X7 = 7k “a,, ¢ X7
ClaimU] O

We want to prove that the iteration theorem for o(S)-closed forcings, that is, that a csi of o(.5)-

closed forcings is o(S)-closed. To this end, we must first establish some preliminary results:
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Lemma 6.16. Let P, = (P3,Qp | B € a} be a csi, & a cardinal and M < H(k) countable. If (pn)ncw
is a (M,Pg)-generic sequence and 8 € aN M, then (pn | B)new is (M,Pg)-generic.

Proof. Clearly ppi1 [ B < pp [ B for all n € w and also p,, [ B € M since p,,, 5 € M. Therefore, the
only thing left to prove is that for every open dense set £ C Pg with E € M, there exists some n € w
such that p, [ 8 € E. To see this, note that

E={peP,|plB€E}CP,

is open dense and belongs to M, therefore p,, € E for some n € w, thus p, [ 5 € E. O

Lemma 6.17. Let P be a o(S)-closed forcing such that P I+ “Q is o(S)-closed’. Let M < H(k)
be a countable submodel such that P« Q € M and M Nwi € S. If (Pn,Gn))ncw is a (M,P x Q)-
generic sequence and p € P is such that p < p, for each n € w, then there exists ¢ € Q such that

(,q) < (Pn, qn) for alln € w.
Proof. Clearly, p IF “gn+1 < ¢,,” for all n € w; we claim that p actually forces something stronger:
Claim 6.18. p I “(Gn)new is M[G]-generic”, where G is a P-name for the generic filter for P.

Proof of the Claim. Let D € M be a P-name for an open dense subset of Q. Consider
E = {(rs5ePxQ | rlF“e D"}

It is straightforward to check that F is open dense, and E € M because D € M. Hence, there is some
n € w such that (p,,d,) € E. Since p < p,, we conclude p IF “¢,, € D, ClaimO
Therefore,
pIE“((gn)new is M[G’]—generic) A ((@ is o(5)-closed)”,
and consequently,
plF“IieQ(Ynew, ¢<dn)”
Thus, (p, q) is the desired condition. O

The following result is the analogue of the Proper Iteration Lemma [26, Lemma 3.3H, p. 115] for

o(S)-closed forcings.

Proposition 6.19. Let P, = <]P’g,@g | B € a} be a csi of 0(S)-closed forcings, k be a large enough
cardinal, M < H(k) be a countable submodel such that M Nw; € S and let v € M Na. If (pn)new 1S @
(M,P,)-generic sequence and p € Py is such that p < p, [ v for each n € w, then there exists p € P,
such that p [ v =p and p < p, and for alln € w.

Proof. Suppose that the result is true for all 8 < « and let (pn)necw be a (M,P,) generic sequence,
v € M Na and p € P, such that p < p, [ v for all n € w.

Case o = f+1: If v = 3, then the result follows directly from Lemma 6.17, so assume that v < .
By Lemma 6.16 the sequence (p, | S)new is (M,Pg)-generic and thus, by the inductive hypothesis,
there is p € Pg such that:

(1) pl~y=pand
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(2) p<p,|pforalnew.

Now, since P, = Pg * Q. and each p,, is of the form (pn | B,qn) where ¢, € Qa, we can apply Lemma
6.17 to this sequence and condition p and obtain a condition p € P, such that:

(i) pIB=pand

(ii)) p < p, for all n € w.
In particular, condition (i), implies that p [y =9 [ v = p.

Case « is a limit ordinal: Call 8 := |J(aN M) and let (ay)new € M increasing and cofinal in
B such that g = . By recursion we will construct a sequence (¢, )me. such that go = p and for all
m e w:

(1) gm €Pa,,

(2) gm < pn | o for all n € w and

(3) @mt1 [ m = gm.
Clearly go satisfies the three conditions, so suppose that we have already constructed g, € P,,,. By
Lemma 6.16, we know that (p, | am+1)new is (M, Py, ,) -generic, thus, by the inductive hypothesis

there exists ¢p4+1 € P such that the three conditions hold. Finally, let ¢ = (J,,c,, ¢m, which clearly
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is in P,, it is a lower bound for (p,)new and g [ v = qo = p. O

Applying Proposition 6.19 to v = 0 and p the trivial condition in Py = {1} we get the desired

result:

Theorem 6.20. Let S C wy be stationary and P, = (Pg,@g | B € a) be a countable support iteration
of 0(S)-closed forcings, then P, is o(S)-closed.

As mentioned earlier, being o(S)-closed is, for our purposes, an important property of the forcing

P(S, C).
Proposition 6.21. P(S, 8) is o(wy \ S)-closed.

Proof. Let & be a sufficiently large cardinal and let M < H(k) be a countable elementary submodel
with M Nw; = a € wy \ S and let (py,)new be a M-generic sequence. To obtain the result, it suffices

to prove the following:
Claim 6.22. p:=J,c,, Pn: @ — 2 and p € P(S, 8)

Proof of the Claim. Since each p, € M, we have dom(p,) < « for every n € w. Also, for every
n, m € w, the conditions p,, and p,, are compatible, so p is a function with
dom(p) = U dom(p,,) < a.
new
On the other hand, for any 8 < a, the set Dg = {q € P(S, 8) | dom(g) > S} is open, dense, and
belongs to M since §,P € M. Hence there is some n € w with p, € Dg, so dom(p) > dom(p,) > 8,

which shows p: a — 2.
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To see that p € P(S, 6), we must show Cg € p~({1}) for each 8 € SNLIM(w;)N(a+1). Fix such
a . Since B € S and o ¢ S, we have 3 < «, so there is n € w with 8 < dom(p,). If C5 C p~1({1}),
then Cs C p, ' ({1}), contradicting p,, € P(S, 8) Hence p € P(S, 8) Claim O

The following theorem brings together some key properties of forcings of the form (S, c ) and their
iterations—in particular, their effects on {(S) and {(wy \ S)—and will be crucial for our subsequent

applications.

Theorem 6.23. Assume V |= GCH. Then there exists a forcing notion P such that P I+ “—~&(S)”.
Moreover, if V |= O(wr \ S), then PIF $(wy \ S5).

Proof. Let P = (Pg, Qg | B € wse) be a csi such that for each 8 € wsy, we have
Ps IF “Qp = P(S, 8) for some C' ladder system on S.”

By a standard bookkeeping argument, we can ensure that P(S, 8) is eventually listed for every ladder
system 8 in S that appears in the intermediate models and thus, IFp “~&(S)”.

Moreover, Proposition 6.21 and Theorem 6.20 imply that P is o(w; \ S)-closed. Therefore, Theorem
6.14 yields that {(w) is preserved from the ground model to the extension. O

The final step in the proof of Theorem 6.1 is to prove that the forcing notion from Theorem 6.23
preserves stationary sets of trees. For this purpose, we introduce the concept of strategically-closed in
models forcings.

Let P be a forcing notion. We say that a countable model M is suitable for P if P € M and

M =< H(k), where & is a sufficiently large cardinal.

Definition 6.24. Let P be a forcing and M be a suitable model for P. The distributivity game of P
in M is defined as follows:

I |pocPnM | [ pr €PN M (p1 < qo) | |-
T | 90 €PN M (0 < po) | @ €PN M (g1 <p1) | ...

and IT wins if and only if the sequence (py,)ne. has a lower bound in P (equivalently, if (¢, )ne, has a

a lower bound in P). We denote this game by DG(P, M).
Notation 6.25. The sequence (pp)new Will be called a run of the game and (p;);<, a partial run.

Definition 6.26. Let PP be a forcing.
o P is called strategically closed in models (abbreviated as scm) if for every M suitable model
for P, Player IT has a winning strategy in DG(P, M)
o P is called weakly strategically closed in models (abbreviated wsem) if for every M suitable

model for P, Player I does not have a winning strategy in DG(P, M).

As mentioned at the time of defining P(S, 6), its strategic closure in models is crucial for our

arguments—in fact, recognizing this property inspired the very definition of strategic closure in models.

Proposition 6.27. Let S C wy be stationary and 8 be a ladder system on S. Then P(S, 8) 18 sCm.
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Proof. Call P = P(S,C). Let M be a suitable model for P and set § = M N w;. We will describe a
strategy o for Player II in the game DG(P, M).

Let go be the first move of Player I and choose an increasing sequence (v, )n<, such that ag =
dom(qp) and sup,, a, = §. Now, pick by € § \ ag so that by € Cs if § € S, and arbitrarily otherwise.

Define
otw b1z by = {10 T
Note that o(qg) € M since qg,bp € M.
Suppose (qo, - --,¢n) is a partial run of DG(P, M) in which Player II has followed o. Note that
there exists a condition r € P such that r < ¢,, and dom(r) > a,, therefore, by elementarity and since

Gn € M, there is also ' € M with these properties, so set

(qoy .-y qn) =1".

This completes the description of o.

To see that o is a winning strategy, consider any full run (g, )n<. where Player II played according
to 0. Let ¢ = |J,,,, ¢n and note that:

(1) ¢ is a function,

(2) dom(q) = ¢, dom(g,) and each dom(g,) < ¢ as g, € M, thus dom(q) < and

(3) If n € w, then dom(q) > dom(gy+1) > dom(o(qo,---,qn)) > an/
Thus g : § — 2. To see that ¢ € P, we must show Cz Z ¢! ({1}) for each 3 € SNLIM(w;) N (§ + 1).
Fix such a (. If 8 = § then we are done since Cs Z ¢~ *({1}) as q(by) = (¢(q0))(bo) = 0. If 8 < v, there
is n € w with 8 < dom(g,), so, if Cs C ¢~ '({1}), then Cs C ¢, ' ({1}), contradicting ¢,, € ]P’(S,a).

Hence q € P, so ¢ is winning. O

An important feature of weak strategic closure in models is that it strengthens total properness:
Theorem 6.28. If P is a wscm forcing, then P is w-distributive and proper.

Proof. To see that P is w-distributive, let p € P and let f be a P-name with p I+ “f: w — ORD”; we
must produce ¢ < p and a ground-model function g: w — ORD such that ¢ IF ¢ f =g’

Fix a countable elementary submodel M < H (k) (for large enough ) with P, p, 8, fe M. We
define a strategy o for Player I in the game DG(P, M) as follows:

e o(0) =p.

e If Player II’s first n + 1 moves are (qo, . - ., gn), note that there exists a condition r < g, such
that r decides the value of f (n). By elementarity, as ¢y, f,P € M, there is such an r’ € M, so
set 0(qoy.--,qn) =1

Since P is wscm, Player I's strategy o cannot be winning. Hence there is a complete run of the
form (ppn)n<w With

(a) po=p,

(b) each p,41 decides f(n), and

(c) the sequence (py)new has a common lower bound ¢ € P.
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By (b) and (c), ¢ decides every f(n) Define g: w — ORD in the ground model by
gn)=a if qlF“f(n)=a’.

Then clearly q IF “f = §”, so P is w-distributive.

To see that IP is proper, let N be a suitable model for P and p € PN N. We must find a condition
g < p that is (N, P)-generic. Enumerate the dense open sets in N as {D,, | n < w}. Define a strategy
p for Player I in the game DG(P, N) by:

o p(0) =p.
e If Player IIs first n + 1 moves are (qo, ..., qn), note that there exists a condition r < ¢,, with
r € D,,. By elementarity there is such an ' € N, and we set p(qo,...,qn) =1".

Since P is wsem, p cannot be winning. Thus there is a full run (p,)n<. satisfying:

(a) po =p,
(b) pn+1 € D, NN for each n, and

(c) the sequence (p,) has a common lower bound ¢ € P.

Then g < p meets every open dense set in N, in particular ¢ is (N, P)-generic. O

As we said before, from Proposition 6.27 and Theorem 6.28 we get that P(S, 6) is totally proper.

Another important property of wscm forcings is that they preserve stationary subsets of trees:

Theorem 6.29. Suppose that T is a nonspecial wi-tree, X C T satisfies X ¢ NST and P is a wscm
forcing. Then PI-“X ¢ NST”. In particular P I+ “T is nonspecial ”.

Proof. Let p € P and let (A, g, | t € T) be a collection of P-names such that
plF“g;: Ay — w is a specializing function”

for every t € T. We want to prove that there is some ¢ < p and w € X such that g IF “w & VteTAt”.
For every ¢ < p, t € T, and n € w, consider the set

C(g,t,n) = {s € T‘ (Vz <slqglF“z e Ay = gi(2) # n”)) A (Elr <gq (r I-“s € Ay A gi(s) = n”))}.
Claim 6.30. For every ¢ <p, t € T, and n € w, the set C(q,t,n) is an antichain.

Proof of the Claim. Suppose that sg,s1 € C(g,t,n) with sy < s1. Since s1 € C(q,t,n), we have
that ¢ -z € 4, — gi(z) #n”, for all z < s1, in particular:

qlF“sg € Ay — gi(s0) #n.
On the other hand, since sy € C(q,t,n), there exists some r < ¢ such that
rlF“so € Ay A gi(so) = .
Since r < g, it follows that
rIF“(so € Ay = Gi(s0) # 1) A (s0 € Ay A ge(so) = n)”,

which is impossible. ClaimU]
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Now, let (M, | & € wy) be a continuous €-chain of countable elementary submodels of some H(x),
for a sufficiently large k, such that P, T, X, (At,gt |t € T) and p belong to My. For every t € T, let

a(t) € wy be minimal such that ¢ € M, and consider
By = U{C’(q,z,n) | g€ My, 2<t, and n € w}.

Note that B; is a countable union of antichains, so it is special. Let B := Vcr Bs.
Consider the set C := {M, Nw; | @ € LIM(w;)}, which is a club in w;. Since T | C € (NST)*,
X ¢ NST, and B € NST, there is some

we (T1C)NX)\B.

Consider an enumeration {(¢;,n;) | ¢ € w} of the set {(¢t,n) |t <w An € w} and let 8 € LIM(w;) be
such that ht(w) = Mg Nw; = dg.
We will construct a strategy o for player I in the game DG(P, Mg) such that o(0) = po := p and

for every i € w we have:

(3) pis1 IF“(w & Ay,) V (91, (w) # ni)".

Here, p;1+1 denotes the (i 4+ 1)-st move of player I when following the strategy o.

For this suppose that in the i-th entry of the game player II plays ¢; € PN Mg. We know that
t; < w, ie., w € t;T, so, since w ¢ B, we have w ¢ By, Nt;T. In particular, w ¢ C(qg;, t;,n;), and thus
one of the following holds:

(I) Exists z < w such that g; I} “z € A, — g1, (2) # ni”, or
(I) there is no r < ¢; such that r IF“(w € A;,) A (g, (w) = ;).

In other words, we obtain that one of the following holds:

(i) There exist z < w and and r < ¢; such that r I-“(z € A;,) A (41,(2) = ny)”;
(i) gi IF(w ¢ Av) V (g0, (w) # 12",
If case (i) holds, then note the following:

e 1 already satisfies condition (3). Indeed, if not, there exists some 7’ < r such that ' IF “(w €
Ag)) A (g, (w) = 2)”, but then ' IF“(z < w) A (g1, (2) = g, (w))”, which is impossible because
" IF“gs, is a specializing function”.

e By elementarity, as z € Mg, we can take this r € Mg and declare p; 1 := 7.

If case (ii) holds, then we are done by taking p;+1 = ¢;. This completes the construction of the
strategy o.

As P is a wscm forcing, o is not a winning strategy for Player I, thus there is some run of the
game where Player I played according to o and Player II won, that is, there exists a sequence (p;)icw

where pg = p, it satisfies the condition (3) and has a lower bound p.

Claim 6.31. pl-“w ¢ V,er A,
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Proof of the Claim. Suppose that this is false. Then there exist p’ < P, t < w and n,i € w such
that

(4) P IF“(w e A A (g(w) =n)”

and (t,n) = (t;,n;). On the other hand, as p’ < piy1 and piy1 IF“(w ¢ Ay) V (g:(w) # n)”, we have
PIE(w ¢ AV (ge(w) #n)”,

which contradicts (4). ClaimUJ O

We now have to prove the iteration theorem for scm forcings. As it is usual, we start by proving

the case for a two-step iteration:
Lemma 6.32. Suppose that P is a scm forcing and P I+ “Q is sem”. Then P x Q is scm.

Proof. Fix M a suitable model for P % Q and G a P-name for a generic filter for P. Note that:

e M is also suitable for P and
e Pl “M[G] is a suitable model for Q[G]”.
Let o be a winning strategy for Player IT in DG(P, M). We will describe a strategy p for II in the
game DG(P « Q, M) as follows:
Let (po,do) € M be the play of Player I in the first move. We know that there exists 7 a P-name
such that:

o(po) I “7 is a winning strategy for II in the game DG(Q[G], M[G])”.
Thus we have that:
o(po) IF “7(go) € M[G] = {a[G] | @ € M A (a is a P-name for an element of Q}”.
In particular:
o(po) IF “Ja € M(a is a P-name for an element of Q) A (a[G] = 7(go)[G]).”
Thus we can find some rg < o(pp) and a P-name bo such that both are in M and:
ro Ik “bo = #(do).”

Hence we can take p((po, Go)) as (ro, i)o), which by construction belongs to M.
In general, if {(p;,q;) | ¢ < n) is a partial run of the game DG(IP Q, M) where II played according

to p then, by the same arguments that before, we have:

o(po,-..,pn) IF “Ia € M(a is a P-name for an element of Q) A (a[G] = 7(do, - - - , 4n)[G]).”
Thus we can find some r, < o(pg,...,pn) and bn a P-name such that both are in M and:

o IF “by = 7(dos - - - Gn).”

Thus p((p07qo)7 LR (p’na Qn)) = (Tnv bn) € M.
We claim that p is a winning strategy. For this, let ((pn, ¢») | » € w) be a run of the game where
1T followed p and note the following two facts:
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(1) for all n € w we have that
rn IF “(do...,qn) is a partial run of the game DS(Q, M[G]) where II followed 77,

(2) (pn | n € w) can be seen as a run of the game DG(P, M) where II followed the strategy o.

By condition (2), there exists p € P a lower bound of (p,,)ne. and this way:

pIF “(g, | n € w) is a run of the game DG(Q[G], M[G]) where II followed the strategy 77
and also we know that p IF “7 is a winning strategy for Player II”, thus:
pl-“Ig e Q(q is a lower bound of (G, )new)”-
This way (p, ¢) is a lower bound of {(pn,q,) | n € w)), which proves that p is a winning strategy. [

Recall that if B is a Boolean algebra and a,b € B, then a A b denotes the infimum of {a, b}, that
is, the largest lower bound of a and b. Following this notation, if P, = (Pg,@g | 8 € a} is a forcing
iteration, By < 1 < o, po € Pg,, p1 € Pg, are such that py < p1 | B, then we denote by pg A p; the
condition py (p1 [ [Bo, 1)) € Pg,, which can be seen as the infimum of py and p;.

Theorem 6.33. Let P, = <]P’5,Q5 | B € a} be a countable support iteration of scm forcings. Then

P, s scm.

Proof. By induction of a. If &« = 8+ 1 the result follows from Lemma 6.32. So assume « is a limit
ordinal, M is a suitable model for P,, G is a name for a generic filter for P, and {a,, | m € w} is an
enumeration of M N a.

Note that M is also a suitable model for P, for every m € w, so let us fix 0,,, a winning strategy
for IT in DG(P,
such that

..+ M) (which exists by the inductive hypothesis) and also let us fix 7,,, a P,, -name
P, I “7,, is a winning strategy for II in DG(Qa,, [G | am], MG | ayn])”.

We want to show that there exists a strategy p that is winning for IT in DG(P,, M). To prove this, we
will begin by describing some properties that our desired strategy p will satisfy; then, we will show
that if p has these properties, it is winning; and finally, we will demonstrate that such a p can be
constructed (which is the most technical part of the proof).

Promises of the strategy p:

We will describe the strategy p for II in DG(P,, M) by considering sequences

(8™ (M)new Imew), {(¢"(M)new [mew), and (0" (n))new | m € w),
such that for every n,m € w we have:
s™(n) € Py, ¢"(n) €P,,, and b™(n) € Qq,, NM.

Moreover, these sequences satisfy that if (po,...,pm) is a partial run of DG(P,, M) played according

to p, that is,

L[ po| | P2 | e [ P |

[ [plo)| Telop)| | [po-pm)
then the following properties hold:

b
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(A) For every ¢ < m and every n < i we have:
(a) p(po,...,pi) < 8"(i —n) < p;, and
(B) p(Pos- - ,pi) | an < g"(i =) < 5™(i ) | .
(B) For every i < m and every k < < i we have:
o If ay < oy, then ¢*(i)~0F () < ¢ ((i + k) — 1) | (ap +1).
o If oy < ay, then ¢'(i — 1)~ (i — 1) < ¢*(i — k) | (oq +1).
(C) For every n < m we have that
I|s"0) ] o | | s"(1) | o | | [ s"(m—n) ] an |
IT| O | FEoIBn FECED
is a partial run of the game DG(P,, , M) such that for every i < m — n:
e ¢"(i) <op (s"(O) Fapyenn,8™(2) T ozn), and
o ¢"(i) IF“b™(i) = T (5"(0) (an), - - -, ™ (i) (o))"

Showing that p is winning: Note that if (p,)neo is a run played according to the strategy p

and n,m € w with n > m, then by conditions (a) and (b) we have that:
(*) qm(n - m) <pnlam
Claim 6.34. p is a winning strategy.

Proof of the Claim. Suppose that (pn)ney is a run of DG(P,, M) in which II followed p. We will
exhibit a lower bound r for (p,)ne. by constructing a sequence (rg | 8 € aN M) such that for every
8 € an M we have:

(i) r5 € Pg,
(ii) If B = ayy, then rg is a lower bound of (¢"(n))new,
(iii) rg Ik “(0™(n))new is a run of the game DG(Qq, [G' | ], M[G | an]), in which II followed
Tm , and

(iv) If 8 <y with 8,7y € M Na, then rg =71, [ B.

Note that condition (iii) is really a consequence of condition (ii). Suppose that rg has been constructed
for every 5 <« in M N a.
Case v = 8+ 1: By condition (ii) and the fact that

75 - “f, is a winning strategy for I in DG(Qq,, [G' | am], M[G | am])”,

we have

75 IF“3b,, € Q, a lower bound for (b™(n))ne.,”.

Then we let rg1 = rgby,.
Suppose that 3+ 1 = aj. We must prove that 7541 is a lower bound for (¢¥(n))neq-

Subcase k > m: By condition (B), we know that for all ¢ € w we have

¢ ((k —m) + )"0 ((k —m) +1) < ¢" () T (am +1) = ¢°(i) | oy, = ¢" ().
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On the other hand, since 7511 | 8 =15 < ¢™((k —m)+1i) and 75 I “b,,, < b™((k —m)+1)”, it follows
that

ror1 < ¢"((k —m) + i)D" ((k —m) +1),
so we are done.

Subcase k < m: In this case, by condition (B), for all i € w we have
g™ (1) () < " ((m = k) +4) T (am +1) = ¢"((m = k) +) | (ax) = ¢"((m — k) + ).
Again, by the same argument as before, we obtain
raen < g™ ()70 (0),

s0 rg41 < ¢*(n) for all n > m — k, which as ¢¥(m — k) < ¢*(j) for all j < m — k, proves that rg; is
a lower bound for (¢%),c.-

Case v is a limit ordinal: Let r, = U,BeMrw rg and let £k € w be such that v = op. We
must prove that r, < q*(n) for all n € w, but it suffices to show that for all & € v N M, we have

7y [ @< g*(n) | a. So, let @ € yN M and let m € w be such that o = .
Subcase k > m: As before, by (B), we know that for all i € w,

q"((k —m) +1) < ¢"(i) | am,

and by the inductive hypothesis 7y | @y = rq,, < ¢™((k —m) + i), so we are done.

Subcase k < m: Again, by (B), for all i € w,
q" (i) < ¢" ((m—k)+1) | am,

and by the inductive hypothesis 7 | o, = 7q,, is a lower bound of (¢ (i) | i € w).

This completes the construction of the sequence (rg | 8 € aN M). Finally, let

Subclaim 6.35. r is a lower bound for (p,)new-

Proof of the subclaim: To see this, it suffices to prove that for every § € M N« and every n € w,

we have
rlB=r5<pnlB.

Suppose that § = «;;,. Then, by condition (*), we know that for all n > m we have:
rg <q"(n—m) <py [ am.
If n < m, then p,, < p,, and in particular,
Pm | am < pp | .

Thus, we conclude that rg < p,, [ a,, for every n € w. Subclaim] ClaimUJ

Construction of p and the sequences: The construction of the strategy p and the sequences

(s™(n),q" (n),b™ (n) | m,n € w)
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will be such that in step m = 0 we construct s°(0), ¢°(0), and 5°(0) (and p(po) of course); in step
m =1 we construct s°(1), s'(0), ¢°(1), ¢*(0), 6°(1), and b*(0) (and p(po,p1)); and in general, in step

m we construct:

1
o ¢’(m),q'(m —1),...,q™(0),
e °(m —1),b'(m),...,"™(0) and
® p(po, - Pm)-
For m = 0, let py be the first play of I, and set s°(0) = po. Choose ¢°(0) € Py, and 5°(0) in M
such that:
e ¢°(0) < oolpo | ap), and
e ¢°(0) IF“b°(0) = #o(po(r0))”-
Let p(pg) = (qO(O)“bO(O)> A po. Tt is easy to see that s°(0), ¢°(0), b°(0), and p(po) satisfy all the
conditions for m = 0.
Now, suppose that we have completed the construction up to the m-th move of the game, and let
DPm+1 be the (m + 1)-st play of I in DG(P,, , M). Then the table for the game DG(P,, M) now looks
like:

I | po | | p1 | | [ pm | | Pmt1
L[ [plo) | [elop) [T |eo, - pm) |
We now want to construct p(pg, .- .,Pm+1) and the following sequences:
o s%(m+1),st(m), ..., sm1(0),

e °(m+1), ¢*(m), ..., ¢™0), and
o 00(m+1), bi(m), ..., b™T1(0).

For this, enumerate {«aq, ..., m, @m+1} as {70, .., Ym+1} in decreasing order, that is:

Y41 < Ym < - < Y0-
For every n < m + 1, let 4, < m + 1 be the unique index such that v, = «;,, .
Then, set
s"0((m+1) —ig) == pm+1,

and, in the game DG(P,,, M), choose g% ((m 4 1) — ip) and b ((m 4 1) —ip) in M such that:

o ¢((m+1) —ig) < 04 (s(0) I 0,...,8°((m~+1) —ig) | %), and

o go((m+1) —io) I-“bio((m + 1) — i) = 74, (5°(0) (%), - -, s ((m + 1) — ip) (70)) "
Thus, the table for the game DG(Pq, , M) now appears as:

I ‘ s°(0) | ay, ‘ 4 ‘ ‘ s (m —ip) | v, ‘ ‘ so((m+1) —ig) | ay, ‘

II‘ ‘qu(O) ‘ ‘ ‘qio(m—io) ‘ ‘qio((m-i—l)—io)
In general, if ¢’ ((m + 1) — i,), s ((m 4 1) — i,) and b’ ((m + 1) — 4,,) have been constructed for
some n < m, then we do what follows:

We know that v, 41 = «;,, for some i, < m + 1, then we let

S (1) =) 2= (7 (m+1) = 6) 8 (m 1) = 6)) A (5 (1) = )
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and we let ¢in+1 ((m + 1) — i,41) and b+t ((m + 1) — in41) be such that:

o ¢t ((m+1) —ing1) < 04y (8741(0) [ gty - 8 (M4 1) = dpg1) | Ygr) and
o ¢t ((m A1) —ingr) b Dt (m+ 1) = i) = Fipy (575 (0) (V) -5 874 (M4 1) = dng1) (Yng1))

So the table of the game DG(P ) now looks like:

Xipy1

I ‘ s 1(0) [ v,y ‘ ‘ . ‘ s ((mA41) —iny1) | i,y ‘ 4
I | [a ) [ ] T (m 1) —ins1)

Finally, let be p(po, .. .,Pm+1) as follows:

(a7 (1) = iy 1) B ((m 1) = i) ) A A (6 ((m+ 1) = i) B (m+ 1) = i0) ) APt
which is equal to:
(47 (O + 1) = ) 7 (1) = ) A (575 (1) = )

It is not difficult to see that all the conditions are now satisfied for m-+1. This finishes the construction

of the strategy p and the proof of the theorem. O

Finally, by Proposition 6.27, Theorem 6.33 and Theorem 6.29 we have that the forcing notion of
Theorem 6.23 is scm, so if T' is an wi-tree (in V) such that 7 [ S ¢ NST and T | (w; \ S) € NST, P

preserves these properties, that is:
PIF<(T[S¢NSTYA(T | (wy\S) e NSTY".
Thus, in V[G] we have ($(w;1 \ S)) A (=Or), in particular:
VIG] E ¢ A (3T nonspecial wi-tree(—$r)),
which proves Theorem 6.1.
7. OPEN QUESTIONS

Of course, one of the most important questions is what we can say about the diamond principle in

the classical examples of nonspecial wy-trees without cofinal branches, namely ¢Q and the tree T'(.S):
Question. Does 0(Q) admit a nice successor partition? More generally, does {nq hold?
Question. Given a bistationary S C wi, does $p(gy hold?

On a different note, Theorem 3.17 shows that a necessary condition for obtaining {7 + —<g is

that S £ T. A natural question is whether sufficient conditions can be given:

Question. Given wi-trees S and T, are there sufficient conditions on S and T that determine when

one can force O otogether with =g ?

By part (ii) of Theorem 2.13, we have N'S,,, C NSy for every tree T' of height w;. On the other

hand, for every normal ideal Z on w; we have NS, C Z. A natural question, therefore, is the following:

Question. Given a normal ideal T on wy, is there a tree T of height w1 such that, for every X C wq,

XeZ ifandonlyif T X eNST?
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